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ESTIMATING THE INTENSITY OF A RANDOM MEASURE BY
HISTOGRAM TYPE ESTIMATORS
YANNICK BARAUD AND LUCIEN BIRGE´
Abstract. The purpose of this paper is to estimate the intensity of some random
measure N on a set X by a piecewise constant function on a finite partition of X .
Given a (possibly large) family M of candidate partitions, we build a piecewise
constant estimator (histogram) on each of them and then use the data to select
one estimator in the family. Choosing the square of a Hellinger-type distance as
our loss function, we show that each estimator built on a given partition satisfies
an analogue of the classical squared bias plus variance risk bound. Moreover,
the selection procedure leads to a final estimator satisfying some oracle-type in-
equality, with, as usual, a possible loss corresponding to the complexity of the
family M. When this complexity is not too high, the selected estimator has a
risk bounded, up to a universal constant, by the smallest risk bound obtained for
the estimators in the family. For suitable choices of the family of partitions, we
deduce uniform risk bounds over various classes of intensities. Our approach ap-
plies to the estimation of the intensity of an inhomogenous Poisson process, among
other counting processes, or the estimation of the mean of a random vector with
nonnegative components.
1. Introduction
The aim of the present paper is to design a new model selection procedure in
a statistical framework which is general enough to cope simultaneously with the
following estimation problems.
Problem 1: Estimating the means of nonnegative data. The statistical
problem that initially motivated this research was suggested by Sylvie Huet and
corresponds to the modeling of data coming from some agricultural experiments. In
such an experiment, the observations are independent nonnegative random variables
Ni with mean si where i varies among some finite index set X . In this framework,
our aim is to estimate the vector (si)i∈X .
Problem 2: Estimating the intensity of a Poisson process. We recall that
a Poisson process N on the measurable set (X ,A) with finite mean measure ν is a
random measure N on X such that
• for any A ∈ A, N(A) is a Poisson random variable with parameter ν(A);
• for any family A1, . . . , An of disjoint elements of A, the corresponding ran-
dom variables N(A1), . . . , N(An) are independent.
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We can always assume that ν is finite by suitably restricting the domain of ob-
servation of the process. When the mean measure ν is dominated by some given
measure λ on X then the nonnegative function s = dν/dλ is called the intensity of
N . A Poisson process can be represented as a point process on the set X . Each
point represents the time (if X = R+) or location of some event. For example, the
successive times of failures of some machine can be represented by a Poisson process
on X = R+. The intensity of the process models the behaviour of the machine in
the following way: the intervals of times on which the intensity takes large values
correspond to periods where failures are expected to be frequent and in the opposite,
those on which the intensity is close to 0 are periods on which failures are rare. In
this statistical framework, our aim is to estimate the intensity s on the basis of the
observation of N .
Problem 3: Estimating a hazard rate. We consider an n sample T1, . . . , Tn
of non-negative real valued random variables with common density p (with respect
to the Lebesgue measure on R+) and assume these to be (possibly) right-censored.
This means that there exists i.i.d. random variables C1, . . . , Cn such that we actu-
ally observe the pairs Xj = (T˜j ,Dj) for j = 1, . . . , n with T˜j = min {Tj , Cj} and
Dj = 1l{Tj=T˜j}. Such censored data are common in survival analysis. Typically, Ti
corresponds to a time of failure or death which cannot be observed if it exceeds time
Ci. Our aim, here, is to estimate the hazard rate s of the Ti defined for t ≥ 0 by
s(t) = p(t)/P(T1 ≥ t).
Problem 4: Estimating the intensity of the transition of a Markov process.
Let {Xt, t ≥ 0} be a Markov process on R+ with cadlag paths and a finite number
of states. We distinguish two particular states, named 0 and 1, and assume that
0 is absorbant and that there is a positive probability to reach 1. Our aim is to
provide an estimation of the intensity of the transition time T1,0 from state 1 to
0. Typical examples arise when 0 means “death”, “failure”, . . . . An alternative
example could be the situation where T1,0 measures the age at which a drug addict
makes the transition from soft drugs (state 1) to hard drugs (state 0). In this case
we stop the chain at 0 making this state absorbing. For t > 0, we denote by Xt−
the left-hand limit of the process X at time t and assume that for some measurable
nonnegative function p, P(T1,0 ≤ t) =
∫ t
0 p(u)du. Note that p is merely the density
of T1,0 if T1,0 < +∞ a.s. which we shall not assume. Our aim is to estimate the
transition intensity s of T1,0 which is defined for t > 0 by s(t) = p(t)/P (Xt− = 1).
For pedagogical reasons mainly, since it has already been extensively studied and
can therefore serve as a reference, it will be interesting to consider also the much
more classical
Problem 0: Density estimation. It is the problem of estimating an unknown
density s from n i.i.d. observations X1, . . . ,Xn with this density.
All the problems described in the above examples amount to estimating a function
s mapping X to R+. For this purpose, we choose a familyM of partitions of X and
for each m ∈ M we design a non-negative estimator sˆm of s which is constant on
the elements of this partition. We shall call such an estimator an histogram-type
estimator. The performance of sˆm depends on both s andm. Since s is unknown, we
cannot pick the partition which leads to the best estimator. To select a partition in
M, we shall rather use a method solely based on our data leading to some random
partition mˆ and define our resulting estimator as sˆmˆ. Our objective is to design
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the selection procedure in such a way that sˆmˆ performs almost as well as the best
estimator among the family {sˆm,m ∈ M}.
The purpose of this paper is to describe some general setup which allows to
deal with all the five problems simultaneously, to explain the construction of our
histogram-type estimators sˆm, to design a suitable selection procedure mˆ and to
study the performance of the resulting estimator sˆmˆ. We shall illustrate our results
by numerous examples of family of partitions and target functions s of interest.
For the problems of estimating the intensity of a Poisson process or a hazard rate
on the line, our method provides estimators than can cope with different families
of functions simultaneously, including monotone, Ho¨lderian, or piecewise constant
with a few jumps with unknown locations and sizes. In the multivariate case, we
shall also provide some special method for estimating Poisson intensities with a few
spikes with unknown locations and heights.
The problem of estimating s by model selection in the first four setups described
above did not receive much attention in the literature with a few noticeable excep-
tions. Problem 1 is generally viewed as a regression problem where the mean si takes
the form f(xi) for some design points xi (typically f is defined on [0, 1] and xi = i/n).
To perform model selection, one introduces a wavelet basis and performs a shrinkage
of the estimated coefficients of f with respect to this basis. This amounts to select-
ing which coefficients will be kept. To this form of selection pertain the papers by
Antoniadis, Besbeas and Sapatinas (2001), Antoniadis and Sapatinas (2001). Closer
to our approach is Kolaczyk and Nowak (2004) based on penalized maximum likeli-
hood. Unlike ours, their approach requires that the means si be uniformly bounded
from above and below by known positive constants. For Problem 2, a similar ap-
proach based on wavelet shrinkage is developed in Kolaczyk (1999), but the reference
result is Reynaud-Bouret (2003). Problems 3 and 4 amount to estimating Aalen’s
multiplicative intensity s of some counting process with a bounded number of jumps.
The problem of non-parametric estimation of Aalen’s multiplicative intensities has
been considered by Antoniadis (1989) who uses penalized maximum likelihood esti-
mation with a roughness penalty and gets uniform rates of convergence over Sobolev
balls. Van de Geer (1995) considers the Hellinger loss and establishes uniform esti-
mation rates for the maximum likelihood estimator over classes of intensities with
controlled bracketting entropy. Gre´goire and Nembe´ (2000) extend the results of
Barron and Cover (1991) about density estimation to that of intensities. Wu and
Wells (2003) and Patil and Wood (2004) derive asymptotic results for thresholding
estimators based on wavelet expansions. All these results, apart from those of van
de Geer, are of an asymptotic nature. Reynaud-Bouret (2002) introduces a model
selection procedure to estimate the intensity. A common feature of these papers lies
in the use of martingales techniques (apart from Gre´goire and Nembe´, 2000). Unlike
theirs, our approach does not require any martingale argument at all.
In Section 2, we present a general statistical framework which allows to handle
simultaneously all the examples we have mentioned. We also make a review of some
special classes of target functions and the various families of models (partitions) to
be used in our estimation procedure. The treatment of our five estimation problems
is provided in Sections 4 and 5. The results presented there derive from a unifying
theorem to be found in Section 6. The remainder of the paper is devoted to the
most technical proofs.
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In the sequel, we shall make a systematic use of the following notations: constants
will be denoted by C,C ′, c, . . . and may change from line to line; we denote by N∗
the set of positive integers and we write x∧ y for min{x, y}, x∨ y for max{x, y} and
|m| for the cardinality of a set m.
2. Presentation of our method
2.1. A general statistical framework. We consider an abstract probability space
(Ω, E ,P) and a measurable space (X ,A) bearing a nonnegative σ-finite measure λ. In
the sequel E will denote the expectation with respect to P. We then consider on X a
nonnegative bounded random process Y = Y (x, ω), i.e. a measurable function from
X × Ω to R+, and the nonnegative random measure M on X given by dM = Y dλ.
Besides M , we also observe a nonnegative random measure N on X which satisfies
(1) E[N(A)] = E
[∫
A
s dM
]
< +∞, for all A ∈ A,
for some deterministic nonnegative and measurable function s on X . Note that this
assumption implies that N is a.s. a finite measure. Our aim is to estimate s from the
observations N and M . Hereafter, we shall deal with estimators that belong to the
cone L of nonnegative measurable functions t on X×Ω such that E [∫X t dM] < +∞.
Note that s also belongs to L. To measure the risks of such estimators, we endow L
with the quasi-distance (since we may have H(t, t′) = 0 with t 6= t′) H between two
elements t and t′ of L by
H2(t, t′) =
∫
X
(√
t−
√
t′
)2
dM,
and set as usual, for t ∈ L and F ⊂ L, H(t,F) = inff∈F H(t, f). Given an estimator
sˆ of s, i.e. a measurable function of N and Y with sˆ ∈ L, we define its risk by
E
[
H2(sˆ, s)
]
. In most of our applications, Y is identically equal to 1 in which case
M = λ is deterministic and if t and t′ are densities with respect to M , H is merely
the Hellinger distance between the corresponding probabilities. Only the cases of
Problems 3 and 4 require to handle random measures M .
In order to define our estimators we assume that
(2) P[N(A) > 0 and M(A) = 0] = 0 for all A ∈ A,
a property which is automatically fulfilled when M = λ is deterministic because
of (1).
2.2. Histogram-type estimators. Let us now introduce the histogram-type esti-
mators sˆm based on some finite partition m of X . We consider the subset J = {A ∈
A |E[M(A)] < +∞} of A and define the model Sm as the set of (possibly random)
nonnegative piecewise constant functions on X :
Sm =
{
t =
∑
I∈m∩J
tI1lI
∣∣∣∣∣ tI = tI(ω) ∈ R for all I ∈ m,ω ∈ Ω
}⋂
L.
We then define the histogram estimator sˆm as the element of Sm given (with the
convention 0/0 = 0) by
sˆm =
∑
I∈m∩J
N(I)
M(I)
1lI .
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Note that sˆm is a.s. well-defined because of (2). We shall, hereafter, call it the
histogram estimator based on m.
Under suitable assumptions that will be satisfied for Problems 0, 1 and 2 (the
case of hazard rates and Markov processes being more complicated), we shall prove
for sˆm a risk bound of the form
(3) E
[
H2(sˆm, s)
] ≤ C0 {E [(H2(s, Sm))]+ CP |m|} ,
where C0 is a numerical constant and CP depends on the problem we consider. For
instance, CP = n
−1 for density estimation and CP = 1 for estimating the intensity
of a Poisson process. We recover here the usual decomposition of the risk bounds
into an approximation term which involves the distance of the parameter from the
model and a complexity term proportional to the number |m| of parameters that
describe the model.
2.3. The selection procedure. Given the family of models {Sm,m ∈ M} corre-
sponding to a finite or countable family M of partitions m, we consider, in order to
define our model selection procedure, the possibly enlarged family
M = {m ∨m′ for m,m′ ∈ M}; m ∨m′ = {I ∩ I ′ | I ∈ m, I ′ ∈ m′, I ∩ I ′ 6= ∅},
so that m ∨m′ is again a finite partition of X .
We shall systematically make the following assumption about the family M.
H : There exists some δ ≥ 1 such that |m∨m′| ≤ δ (|m|+ |m′|) for all (m,m′) ∈ M2.
We then introduce a penalty function “pen” from M to R+ to be described below
and, for m 6= m′ ∈M we consider the test statistic
(4) Tm,m′(N) = H
2(sˆm, sˆm∨m′)−H2(sˆm′ , sˆm∨m′) + 16[pen(m)− pen(m′)].
The corresponding test between m and m′ decides m if Tm,m′ < 0, m
′ if Tm,m′ > 0
and at random if Tm,m′ = 0. Note that the tests corresponding to Tm,m′ and Tm′,m
are the same. We then set, for all m ∈ M,
Rm = {m′ ∈ M, m′ 6= m | the test based on Tm,m′ rejects m}
and, given some ε > 0, we define mˆ to be any point in M such that
(5) D(mˆ) ≤ inf
m∈M
D(m) + ε/3 with D(m) = sup
m′∈Rm
{
H2(sˆm, sˆm′)
}
.
This model selection procedure results in an estimator s˜ = sˆmˆ that we shall call
penalized histogram estimator (in the sequel PHE, for short) based on the family of
models {Sm,m ∈ M} and the penalty function pen(·). As to the penalty, it is the
sum of two components: pen(m) = c1|m| + c2∆m with c1 and c2 depending on the
framework and ∆m being a nonnegative weight associated to the model Sm. We
require that those weights satisfy
(6)
∑
m∈M
exp[−∆m] = Σ < +∞.
If Σ = 1, the choice of the ∆m can be viewed as the choice of a prior distribution
on the models. For related conditions and their interpretation, see Barron and
Cover (1991), Barron, Birge´ and Massart (1999) or Birge´ and Massart (2001). The
constant 16 in (4) plays no particular role and has only been chosen in order to
improve the legibility of our main results. Our selection procedure can be viewed
as a mixture between a method due to Birge´ (1983 and 2006) based on testing and
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an improved version of the original Lepski’s method, as described in Lepski (1991)
and subsequent work of the same author. This improved version was presented by
Lepski in a series of lectures he gave at Garchy in 1998.
2.4. Risk bounds for the procedure. As we shall see later, with a suitable choice
of ε, the performances of this procedure for Problems 0, 1 and 2 are described by
risk bounds of the following form:
(7) E
[
H2(s˜, s)
] ≤ C ′0 inf
m∈M
{
E
[(
H2(s, Sm)
)]
+ CP |m|
[
1 + |m|−1 (∆m +Σ2)]} ,
where C ′0 is a numerical constants and CP as in (3). Comparing (7) with (3), we see
that the estimator s˜ achieves a risk bound comparable, up to a constant factor, with
the best risk bound obtained by the estimators sˆm provided that Σ is not large and
∆m not much larger than |m|. Note that these two restrictions are, to some extent,
contradictory since the smaller ∆m, the larger Σ, although it is clearly unnecessary
to choose ∆m smaller than |m|. Therefore, if
∑
m∈M e
−|m| is not large, one can
merely take ∆m = |m|. Otherwise, the choice of the ∆m will be more delicate but
we should keep in mind that, if Σ is not large, the performance of s˜ will be as good
(up to a constant factor) as the performance of any sˆm for which ∆m ≤ |m|.
3. A review of the models we shall use
3.1. Some classes of functions of special interest. The motivations for the
choice of some family of models {Sm,m ∈ M} are twofold. First, there is the
restriction that M should satisfy Assumption H and there are two main examples
of such families. In the ”nested” case, the family is totally ordered for the inclusion
and thus, we either have m∨m′ = m or m∨m′ = m′ for all m and m′ in M. Then,
M =M and δ = 1. Another situation where Assumption H is satisfied with δ = 1
occurs when X is either R or some subinterval of R and each m ∈ M is a finite
partition of X into intervals.
The second motivation is connected to the approximation properties of the mod-
els. If, for instance, we believe that the true s is smooth or monotone, one should
introduce families of models that approximate reasonably well such functions. In
the sequel, we shall put a special emphasis on the following classes of functions:
• Monotone functions. For X an interval of R with interior
◦
X and R a positive
number, we denote by S1(R) the set of monotone functions t on X such that
sup
x,y∈
◦
X
|t(x)− t(y)| ≤ R.
• Continuous functions. Let w be a modulus of continuity on [0, 1), i.e. a
continuous nondecreasing function with w(0) = 0 — see additional details in
DeVore and Lorentz (1993) —. We denote by S2(w) the set of functions t on
[0, 1) such that |t(x+ y)− t(x)| ≤ w(y) for all x ∈ [0, 1) and 0 ≤ y ≤ 1− x.
For 0 < α ≤ 1 and R > 0, the Ho¨lder class HRα is the class S2(w) with
w(y) = Ryα. More generally we say that a function u defined on V ⊂ [0, 1)k
for some k ≥ 1 belongs to the set HRα (V), α ∈]0, 1), R > 0, if
|u(x) − u(y)| ≤ R
k∑
j=1
|xj − yj|α for all x, y ∈ V.
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• Piecewise constant functions. If the function t defined on [0, 1) is constant
over some intervals and then jumps from time to time, it is a piecewise
constant function of the form
(8) t =
D∑
k=1
tk1l[xk−1,xk) with 0 = x0 < x1 < . . . < xD = 1.
We shall denote by S3(D,R) the class of such piecewise functions such that
sup1≤k≤D tk ≤ R. Note that this would correspond to a parametric model
withD parameters if the locations of the jumps were known. We shall restrict
our attention to D ≥ 2 since S3(1, R) only contains constant functions and
is then a subset of S2(w) with w ≡ 0.
• Besov balls and functions of bounded variation. Here we consider func-
tions t defined on [0, 1). Given positive numbers α, p and R, we denote
by Bαp,∞(R), the closed Besov ball of radius R centered at zero of the Besov
space Bαp,∞([0, 1)), i.e. the set of functions t in this space with Besov semi-
norm |t|Bαp,∞ ≤ R. Analogously, we set BBV (R) for the set of functions t
of bounded variation with Var∗(t) ≤ R. We refer to Chapter 2 of the book
by DeVore and Lorentz (1993) for details on Besov spaces and the defini-
tion of Besov semi-norms, functions of bounded variation and the variation
semi-norm Var∗. Note that S1(R) ⊂ BBV (R). We shall also consider the
multidimensional Besov spaces Bαp,∞([0, 1)
k) for k ≥ 2.
3.2. Some typical models. Let us now describe a few useful families of models
and corresponding choices for the weights ∆m that satisfy (6).
3.2.1. Example 1: models for functions on [0, 1). The following models are suitable
for approximating functions belonging to the classes that we just mentioned. Since
they are based on partitions of [0, 1) into intervals, they satisfy Assumption H with
δ = 1. Let Jl =
{
j2−l, j ∈ N} and J∞ = ∪l∈NJl be the set of all dyadic points
in [0, 1). To build M, we consider partitions m = {I1, . . . , ID} of [0, 1)) generated
by increasing sequences {0 = x0 < x1 < . . . < xD = 1} with Ii = [xi−1, xi). We
then define M to be the set of all such partitions with xi ∈ J∞ for 1 ≤ i ≤ D − 1.
Therefore, whatever m ∈ M, the elements of Sm are piecewise constant functions
with D pieces and jumps located on the grid J∞. The novelty of this particular
family of partitions lies in the fact that there is no lower bound on the length of
the intervals on which the partitions are built. It will be useful to single out the set
MR = {mk, k ∈ N} of regular dyadic partitions where mk is the partition of [0, 1)
into 2k intervals of length 2−k. In particular, m0 = [0, 1).
One possible way of defining the corresponding weights ∆m is as follows. For
l ∈ N⋆ and 2 ≤ D ≤ 2l we define Ml,D as the set of all partitions m with
|m| = D and l is the smallest integer such that {x1, . . . , xD−1} ⊂ Jl. Then,
M =
[⋃
l≥1
(⋃2l
D=2Ml,D
)]⋃{m0}. We choose ∆m0 = 1 and
(9) ∆m = D(l log 2 + 2− logD) + 2 log l if m ∈ Ml,D.
8 YANNICK BARAUD AND LUCIEN BIRGE´
Since |Ml,D| ≤
(
2l−1
D−1
) ≤ (2lD) ≤ (2le/D)D, we derive from (9) that
∑
m∈M\{m0}
exp[−∆m] <
∑
l≥1
2l∑
D=2
|Ml,D|l−2 exp[−D(l log 2 + 2− logD)]
≤
∑
l≥1
∑
D≥2
l−2e−D =
pi2 − 6
6e(e− 1) < 0.14
and it follows that (6) is satisfied.
3.2.2. Special partitions derived from adaptive approximation algorithms. It is easily
seen that the family M of partitions we introduced for Example 1 is too rich for
choosing ∆m = c|m| for all m and c a fixed constant since then (6) would not be
satisfied. For partitions in Ml,D with l > D, ∆m behaves as l|m| and l can be
arbitrarily large. Fortunately, there exists a subset M1T of M, which is of special
interest because of its approximation properties with respect to functions in Besov
spaces, and such as it is possible to choose ∆m = 2|m| for m ∈ M1T . This will
definitely improve the performances of the PHE for estimating functions in Besov
spaces. Let us now describe M1T .
Among all partitions on [0, 1) with dyadic endpoints, some of them, which are in
one-to-one correspondance with the family of complete binary trees, can be derived
by the following algorithm described in Section 3.3 of DeVore (1998). One starts
with the root of the tree which corresponds to the interval [0, 1) and decides to divide
it into two intervals of length 1/2 or not. We assume here that all intervals contain
their left endpoint but not the right one. If one does not divide, the algorithm
stops and the tree is reduced to its root. If one divides, one gets two intervals
corresponding to adding two sons to the root. Then one repeats the procedure with
each interval and so on. . . . At each step, the terminal nodes of the tree correspond
to the intervals in the partition and one decides to divide any such interval into two
equal parts or not. Dividing means adding two sons to the corresponding terminal
node. The whole procedure stops at some stage producing a complete binary tree
with D terminal nodes and the corresponding partition of [0, 1) into D intervals.
This is the type of tree which comes out of an algorithm like CART, as described by
Breiman et al. (1984). Such constructions and the corresponding selection procedure
resulting from the CART algorithm have been studied by Gey and Nedelec (2005).
We denote by M1T the subset of M of all partitions that can be obtained in this
way. Note here that the set MR of regular partitions is a subset of M1T .
It is known that the number of complete binary trees with j+1 terminal nodes is
given by the so-called Catalan numbers (1+ j)−1
(
2j
j
)
as explained for instance in
Stanley (1999, page 172). As a consequence, we can redefine ∆m = 2|m| form ∈ M1T
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and, using the fact (which derives from Stirling’s expansion) that
(
2j
j
)
≤ 4j , get∑
m∈M1
T
exp[−∆m] <
∑
j≥0
∑
{m∈M1
T
| |m|=1+j}
exp[−2(j + 1)]
=
∑
j≥0
(
2j
j
)
exp[−2(j + 1)]
j + 1
≤ e−2
∑
j≥0
(2/e)2j
j + 1
= Σ′1.
Finally (6) is satisfied with Σ < Σ′1 + 0.14.
3.2.3. Example 2: estimating functions with radial symmetry. There are situations
where one may assume that the value of s(x) only depends on the Euclidean distance
‖x‖ between this point and some origin in which case one can write s(x) = Φ(‖x‖).
In such a case, it is natural to estimate s on a ball, which we may assume, without
loss of generality, to be the open unit ball Bk of Rk. To any partition m of [0, 1)
we can associate a partition of Bk with elements J = {x | ‖x‖ ∈ I} where I denotes
an element of m. For simplicity, we shall identify the two partitions (the first one
of [0, 1) and the new one of Bk) and denote both of them by m. In the sequel, we
shall focus our attention on the family of partitions of Example 1 with the weights
defined in Section 3.2.2.
3.2.4. Example 3: estimating functions on [0, 1)k, k ≥ 2. To deal with the case
X = [0, 1)k , let us first introduce some notations. For j ∈ N we consider the set
Nj =
{
l = (l1, . . . , lk) ∈ Nk
∣∣∣ 1 ≤ li ≤ 2j for 1 ≤ i ≤ k}
and for j ∈ N and l ∈ Nj the cube Kj,l given by
Kj,l =
{
x = (x1, . . . , xk) ∈ [0, 1)k
∣∣∣ (li − 1)2−j ≤ xi < li2−j for 1 ≤ i ≤ k} .
We set Kj =
{
Kj,l, l ∈ Nj
}
and K = ⋃j≥0Kj .
Let P be the collection of all finite subsets p of K\K0 consisting of disjoint cubes.
To each p ∈ P, we associate the positive quantity J(p) = inf{j | p∩Kj 6= ∅} (J(∅) =
+∞) and the partition mp generated by p, i.e. mp = {I ∈ p}
⋃{
[0, 1)k \ ∪I∈pI
}
provided that this last set is not empty and mp = {I ∈ p} otherwise. We finally set
M = {mp ∨ Kj with p ∈ P and j < J(p)}. Note here that the mapping (j, p) 7→
mp ∨Kj is not one to one. For instance m∅∨Kj = Kj = Kj ∨Kj−1. We shall prove
in Section 7.1 the following result:
Lemma 1. The family M satisfies Assumption H with δ = 2.
In order to define the weights ∆m, we shall distinguish a special subsetMkT ofM
which is the k-dimensional analogue of the one we considered in Section 3.2.2. Here
one starts the algorithm with X = [0, 1)k (which corresponds to the root of the tree)
and at each step get a partition of X into a finite family of disjoint cubes of the form
Kj,l. One then decides to divide any such cube into the 2
k elements of Kj+1 which
are contained in it or not. Again, this corresponds to growing a complete 2k-ary tree,
partioning a cube meaning adding 2k sons to a terminal node and the set MkT of
all partitions that can be constructed in this way corresponds to the set of complete
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2k-ary trees. As for k = 1, MkT contains the set MR = {m∅ ∨ Kj , j ≥ 0} of all
regular partitions of X into 2kj cubes of equal volume. Working with M instead of
the much simpler familyMR allows to handle less regular functions like those which
have a few spikes or are less smooth on some subset of X .
If m ∈ MkT we take ∆m = |m| and otherwise we set
∆′j,p = j + k
∑
i≥1
(j + i) |p ∩ Kj+i| for p ∈ P and j < J(p)
and
(10) ∆m = inf
{(j,p) |m=mp∨Kj}
{
∆′j,p
}
for m ∈ M \MkT .
Note that the ratio ∆m/|m| is unbounded for m 6∈ MkT as shown by the example of
m = mp ∨ K0 with p reduced to a single element of Kj , j > 0. Then |m| = 2 while
∆m = kj may be arbitrarily large. For the partitions m belonging toMkT we use the
fact — see Stanley (1999) — that any complete l-ary tree has a number of terminal
nodes of the form 1+ j(l−1) for some j ∈ N and that the number of such trees with
1 + j(l − 1) terminal nodes is [1 + j(l − 1)]−1
(
lj
j
)
. For l = 2k we derive that the
number of partitions in MkT with 1+ j(2k − 1) elements is [1 + j(2k − 1)]−1
(
2kj
j
)
.
Moreover, since k ≥ 2, we check that
∆m > j(k log 2 + 1) + log(j + 1) if |m| = 1 + j(2k − 1).
Since
(
lj
j
)
≤ (le)j , it follows that
∑
m∈Mk
T
exp[−∆m] <
∑
j≥0
∑
{m∈Mk
T
| |m|=1+j(2k−1)}
exp[−j(k log 2 + 1)]
j + 1
=
∑
j≥0
(
2kj
j
)(
2ke
)−j
(j + 1)[1 + j(2k − 1)]
≤
∑
j≥0
1
(j + 1)[1 + j(2k − 1)] = Σ
′
k.
Let us now turn to the partitions of the formmp∨Kj . For such a partition p∩Kj′ = ∅
for j′ ≤ j and, for i ≥ 1, |p∩Kj+i| = li with 0 ≤ li ≤ 2k(j+i). Moreover, the number
of those p ∈ P such that |p∩Kj+i| = li for a given sequence l = (li)i≥1 with a finite
number of nonzero coefficients is bounded by
∏
i≥1
(
2k(j+i)
li
)
. It follows from (10)
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that ∑
m∈M′
exp[−∆m] ≤
∑
j≥0
∑
{p∈P | J(p)>j}
e−j
∏
i≥1
e−k(j+i)|p∩Kj+i|
≤
∑
j≥0
e−j
∑
l
∑
{p | |p∩Kj+i|=li for i≥1}
∏
i≥1
e−k(j+i)li
≤
∑
j≥0
e−j
∑
l
∏
i≥1
(
2k(j+i)
li
)
e−k(j+i)li
≤
∑
j≥0
e−j
∏
i≥1
2k(j+i)∑
li=0
(
2k(j+i)
li
)
e−k(j+i)li
=
∑
j≥0
e−j
∏
i≥1
(
1 + e−k(j+i)
)2k(j+i)
=
∑
j≥0
exp
−j +∑
i≥1
2k(j+i) log
(
1 + e−k(j+i)
)
≤
∑
j≥0
exp
−j +∑
i≥1
(e/2)−k(j+i)
 = Σ′′k < +∞.
Finally we can conclude that (6) holds with Σ < Σ′k +Σ
′′
k.
3.2.5. Models for n-dimensional vectors. To handle the problem we started with
in the introduction, we may assume that our finite index set I is actually X =
{1, . . . , n}, the estimation of the function s from X to R+ amounting to the estima-
tion of the vector (s1, . . . , sn)
t ∈ Rn+ with coordinates si = s(i).
Example 4. If one assumes that either si varies smoothly with i or is monotone or
piecewise constant with a small number of jumps, it is natural to choose for m a
partition of X into intervals and for M the set of all such partitions. Note that this
family satisfies Assumption H with δ = 1. Setting here ∆m = |m|+ log
(
n− 1
|m| − 1
)
,
we get (6) with Σ < (e − 1)−1 since there are
(
n− 1
D − 1
)
partitions in M with D
elements for 1 ≤ D ≤ n.
Example 5. An alternative case is the case when s is constant, equal to s on X
except for a few number of locations i where s(i) 6= s. Since the number k of such
locations is unknown, it is natural, for each k ∈ {0, . . . , n− 1} to define Mk as the
set of partitions of X with k singletons and the set of the n − k remaining points.
We finally set M = ∪0≤k≤n−1Mk. Then Assumption H holds with δ = 1. For
m ∈ Mk, |m| = k+1 and we set ∆m = log
(
n
k
)
+ k = log
(
n
|m| − 1
)
+ |m| − 1, so
that (6) holds with Σ < e/(e − 1).
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4. The case of a deterministic measure M
Let us now see how our general framework applies to Problems 1 and 2. Besides
these, our setup also covers the problem of density estimation. Although there is
a huge amount of literature on density estimation, our method brings some im-
provements to known results on partition selection for histograms. Moreover, since
this problem has attracted so much attention, it can serve as pedagogical exam-
ple and reference for the sequel. This is why, before considering more original and
less studied frameworks, we shall start our review by this quite familiar estimation
problem.
4.1. Density estimation. We consider the classical problem of estimating an un-
known density s from a sample of size n, which means that we have at hand an
i.i.d. sample X1, . . . ,Xn from a distribution with unknown density s with respect
to some given measure M = λ on X . We define N to be the empirical distribution:
N(A) = n−1
∑n
i=1 1lXi∈A. Then, as required, E [N(A)] =
∫
A s dλ for all measurable
subsets A of X . In this case the distance H is merely a version of the Hellinger
distance between densities.
Within this framework, we can prove the following general result.
Theorem 1. Assume that the family M satisfies Assumption H and the weights
{∆m, m ∈ M} are chosen so that (6) holds. Then the penalized histogram estimator
s˜ = sˆmˆ defined in Section 2.3 with pen(m) ≥ n−1(8δ|m| + 202∆m) satisfies
E
[
H2(s˜, s)
] ≤ [390( inf
m∈M
(
H2(s, Sm) + pen(m)
)
+
101Σ2
n
)
+ ε
]∧
2.
The only previous works on partition selection for histograms using squared
Hellinger loss we know about are to be found in Castellan (1999 and 2000) and
Birge´ (2006). Castellan’s approach is based on penalized maximum likelihood. This
requires to make specific restrictions on the underlying density s, in particular that
s should be bounded away from 0. For the problem of estimating a density on R, her
conditions on the family of partitions are also more restrictive than ours since we
can handle any countable families of finite partitions into intervals. Nevertheless, in
the multivariate case, our assumptions on the partitions are more stringent. Birge´’s
approach based on aggregation of histograms built on one half of the sample leads
to more abstract but more general results.
Let us now apply the above theorem to various families of models, systematically
setting pen(m) = n−1(8δ|m|+202∆m) and ε = n−1. We assume in this section that
λ is the Lebesgue measure on X .
4.1.1. Example 1, continued. When X = [0, 1), we use the family of models and
weights of Section 3.2.1. Our next proposition shows that the PHE based on this
simple family of models and weights has nice properties for estimating various types
of functions. The proof will be given in Section 7.3.
Proposition 1. Let s˜ be the PHE based on the family of models and weights ∆m
defined in Section 3.2.1, ε = n−1 and the penalty function pen(m) = n−1(8δ|m| +
202∆m).
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i) If s ∈ S1(R), then
(11) E
[
H2(s˜, s)
] ≤ C {[Rn−1 log (1 + nR2)]2/3 ∨ n−1} .
ii) If
√
s ∈ S2(w) where w is a modulus of continuity on [0, 1), we define xw to
be the unique solution of the equation nxw2(x) = 1 if w(1) ≥ n−1/2 and xw = 1
otherwise. Then
(12) E
[
H2(s˜, s)
] ≤ C(nxw)−1.
If, in particular,
√
s belongs to the Ho¨lder class HRα with R ≥ n−1/2, then Es
[
H2(s˜, s)
] ≤
CR2/(2α+1)n−2α/(2α+1).
iii) If s ∈ S3(D,R) with 2 ≤ D ≤ n and R ≥ 2, we get
(13) Es
[
H2(s˜, s)
] ≤ CDn−1 log (nR/D) .
It is interesting to see to what extent the previous bounds (together with the
trivial one, E
[
H2(s˜, s)
] ≤ 2, which always holds but which we did not include in
(11), (12) and (13) for simplicity) are optimal (up to the universal constants C).
Many lower bounds on the minimax risk over various density classes are known for
classical loss functions. For squared Hellinger loss, some are given in Birge´ (1983
and 1986) and Birge´ and Massart (1998). Many more are known for the squared
L2-loss, which can easily be extended to squared Hellinger loss because their proofs
are based on perturbations arguments involving sets of densities for which both
distances are equivalent. It follows from these classical results that the bound we
find for continuous densities are actually optimal (see Birge´, 1983, p.211) while (11)
is suboptimal because of the presence of the log factor. We shall see below that the
more sophisticated penalization strategy introduced in Section 3.2.2 does solve the
problem. The case of piecewise constant functions is more complicated. If D and
the locations of the jumps were known, one could use a single model corresponding
to the relevant partition with D intervals and get a risk bound CD/n corresponding
to a parametric problem with D parameters. Apart from the constant C, this
bound cannot be improved which shows that the study of uniform risk bounds over
S3(D,R) is only of interest when D ≤ n since otherwise a lower bound for the
risk is of the order of the trivial upper bound 2. When D is smaller than n the
extra log(nR/D) factor in (13) is due to the fact that we have to estimate the
locations of the jumps. The problem has been considered in Birge´ and Massart
(1998, Section 4.2 and Proposition 2) where it is shown that a lower bound for
the risk (when n ≥ 5D and D ≥ 9) is cDn−1 log (nD−1). Therefore our bound is
optimal for moderate values of R. We do not know whether the logR factor in the
upper bound is necessary or not.
4.1.2. Improved risk bounds with a better weighting strategy. If we use the weights
∆m defined in Section 3.2.2 to build s˜, we can only improve (up to constants) the
risk bounds given in Proposition 1 since the value of Σ does not change much while
the new weights are not larger than the previous ones. Besides, the values of the
weights have been substatially decreased for the partitions belonging toM1T . It turns
out that piecewise constants functions on the elements ofM1T possess quite powerful
approximation properties with respect to functions in Besov spaces Bαp,∞([0, 1)) with
α < 1 and monotone functions. These properties are given in the following theorem
which also includes the multidimensional case.
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Theorem 2. Let X = [0, 1)k, MkT be the set of partitions m of X defined in Sec-
tion 3.2.4 and, for m ∈ MkT , let S′m be the cone
{
t =
∑
I∈m tI1lI , tI ≥ 0
}
. For any
p > 0, α with 1 > α > k(1/p−1/2)+ and any function t belonging to the Besov space
Bαp,∞([0, 1)
k) with Besov semi-norm |t|Bαp,∞, one can find some t′ ∈
⋃
m∈Mk
T
S′m such
that
(14) ‖t− t′‖2 ≤ C(α, k, p)|t|Bαp,∞ |m|−α/k,
where ‖ · ‖2 denotes the L2(dx)-norm on [0, 1)k.
If t is a function of bounded variation on [0, 1), there exists t′ ∈ ⋃m∈M1
T
S′m such
that ‖t− t′‖2 ≤ C ′Var∗(t)|m|−1.
The bound (14) is given in DeVore and Yu (1990). The proof for the bounded
variation case has been kindly communicated to the second author by Ron DeVore.
With the help of this theorem, we can now derive from Theorem 1 the following
improved bounds the proof of which is straightforward.
Proposition 2. Let s˜ be the PHE based on the weights ∆m defined in Section 3.2.2.
If
√
s is a function of bounded variation with Var∗ (
√
s) ≤ R and in particular if it
belongs to S1(R), then
(15) E
[
H2(s˜, s)
] ≤ min{C(R/n)2/3, 2} for R ≥ n−1/2.
If
√
s ∈ Bαp,∞([0, 1)) with 1 > α > (1/p − 1/2)+ and |
√
s|Bαp,∞ ≤ R with R ≥ n−1/2,
then
E
[
H2(s˜, s)
] ≤ min{C(α, p)R2/(1+2α)n−2α/(1+2α), 2} .
It follows from classical lower bounds arguments that these bounds are minimax
up to constants.
4.1.3. The multidimensional case. When the density s defined on X = Bk can be
written s(x) = Φ(‖x‖) for some function Φ on [0, 1), we use the family of models
introduced in Example 2. We then obtain the risk bounds given in Propositions 1
and 2 if we replace the assumptions on s by the same on Φ. We omit the details.
If X = [0, 1)k , k ≥ 2 and we use the family of models and weights described in
Section 3.2.4, we get the following result.
Proposition 3. Let R ≥ k−1n−1/2. If √s belong to HRα ([0, 1)k), then
(16) E
[
H2(s, s˜)
] ≤ min{C(Rk)2k/(k+2α)n−2α/(2α+k), 2} .
More generally, if
√
s belongs to Bαp,∞([0, 1)
k) with 1 > α > k(1/p − 1/2)+ and
|√s|Bαp,∞ ≤ R, then
E
[
H2(s˜, s)
] ≤ min{C(α, k, p)R2k/(k+2α)n−2α/(k+2α), 2} .
Proof: Let m = Kj be an element of MR. Then ∆m = |m| = 2kj and the maximal
variation of a function of HRα ([0, 1)k) on an element of m is bounded by Rk2−jα so
that H2(s, Sm) ≤ (Rk)22−2jα. It then follows from Theorem 1 that E
[
H2(s˜, s)
] ≤
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C ′
[
(Rk)22−2jα + n−12kj
]
. The lower bound on R allows us to choose j ∈ N such
that 2j ≤ (n(Rk)2)1/(k+2α) < 2j+1 which leads to
E
[
H2(s˜, s)
] ≤ C ′ [(Rk)222α (n(Rk)2)−2α/(k+2α) + n−1 (n(Rk)2)k/(k+2α)] .
The first bound follows since 22α ≤ 4. The second bound can be proved in the same
way from (14).
4.2. Poisson processes. Let us consider the stochastic framework corresponding
to Problem 2 where ν is dominated by some given measureM = λ on X with density
s = dν/dλ. This implies that (1) holds as required. In this case, the performances
of the PHE s˜ are as follows.
Theorem 3. Assume that the family M satisfies Assumption H and the weights
{∆m, m ∈ M} are chosen so that (6) holds. Then the estimator s˜ defined in Sec-
tion 2.3 with pen(m) ≥ 3δ|m|+ 6∆m satisfies
(17) E
[
H2(s˜, s)
] ≤ 390 [ inf
m∈M
[
H2(s, Sm) + pen(m)
]
+ 3Σ2
]
+ ε.
This theorem should be compared with the results of Reynaud-Bouret (2003) who
uses more general families of projection estimators than just histograms based on
partitions. Nevertheless, for the problem we consider here, her choice of the L2-loss
induces some restrictions on both the intensity and the collection of partitions at
hand. For instance, the intensity has to be bounded and the procedure requires
some suitable estimation of its sup-norm. As Castellan (1999), she cannot deal with
partitions with arbitrary small length.
Let us now apply this theorem to our families of models, systematically setting
pen(m) = 3δ|m| + 6∆m and ε = 1. In view of facilitating the interpretation of the
results to follow, it is convenient to use an analogy with density estimation. This
analogy, based on the following heuristics, allows to extrapolate the bounds from
one framework to the other.
We recall that observing the Poisson process N of intensity s is equivalent to
observing N i.i.d. random variables with density s′, where N = N(X ) is a Poisson
variable with parameter n =
∫
X s dλ and s
′ = n−1s. With this in mind, and even
though n need not be an integer, we can view the estimation of s as an analogue of the
estimation of the density s′ from n i.i.d. observations. Pursuing into this direction,
we may rewrite the risk in the Poisson case as E
[
H2(s˜, s)
]
= nE
[
H2(n−1s˜, s′)
]
and, setting s˜n = n
−1s˜, view E
[
H2(s˜n, s
′)
]
= n−1E
[
H2(s˜, s)
]
as an analogue of the
risk for estimating s′ from n i.i.d. observations. When
√
s belongs to S1(R), S2(w)
or S3(D,R), then the square-root of the density s′ = s/n belongs to S1(Rn−1/2),
S2(wn−1/2) or S3(D,Rn−1/2) respectively (provided that R2 ≥ n in the last case,
since otherwise S3(D,Rn−1/2) would not contain any density). From these two
remarks, we may conclude that a risk bound of the form f(R) in the Poisson case
should be interpreted in the density case as n−1f(Rn−1/2).
Example 1, continued. Here we deal with a Poisson process N on a finite interval
of R, which we may assume, without loss of generality, to be [0, 1), of intensity
s with respect to the Lebesgue measure ν. To estimate s we use the family of
models of Example 1 with the weights ∆m defined in Section 3.2.2. The resulting
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PHE s˜ has the following properties which can be proved exactly like those given in
Propositions 1 and 2.
Proposition 4. Let w be a modulus of continuity on [0, 1). We define xw to be the
unique solution of the equation xw2(x) = 1 if w(1) ≥ 1 and xw = 1 otherwise. Then
(18) E
[
H2(s˜, s)
] ≤ Cx−1w for all s such that √s ∈ S2(w).
If, in particular,
√
s belongs to the Ho¨lder class HRα with R ≥ 1, then
E
[
H2(s˜, s)
] ≤ CR2/(2α+1).
Given D ≥ 2 and R ≥ 2D, we get
(19) E
[
H2(s˜, s)
] ≤ CD log(R/D) for all s ∈ S3(D,R).
If
√
s belongs to S1(R) with R ≥ 1, then E [H2(s˜, s)] ≤ CR2/3.
If
√
s ∈ Bαp,∞([0, 1)) with 1 > α > (1/p − 1/2)+ and |
√
s|Bαp,∞ ≤ R with R ≥ 1,
then E
[
H2(s˜, s)
] ≤ CR2/(1+2α).
For the sake of simplicity, let us assume that n =
∫
X sdλ is an integer. The
connection established above between the estimation of a density and that of the
intensity of a Poisson process shows that Proposition 4 is actually a perfect analogue
of Propositions 1 and 2. Namely, when
√
s belongs to S1(R) or S2(w) or s ∈
S3(D,R) and s′ = s/n then √s′ respectively belongs to S1(Rn−1/2) or S2(wn−1/2)
or s′ ∈ S3(D,Rn−1) and the risk bounds we get for estimating the intensity s
(with respect to the H2/n-loss) are the same as those obtained from a n sample for
estimating the density s′ (with the H2-loss).
Example 2, continued. If we observe a Poisson process on X = Bk with intensity
s(x) = Φ(‖x‖) with respect to the Lebesgue measure for Φ some function on [0, 1)
and consider the family of models introduced in Example 1 we obtain the risk bounds
given in Proposition 4 if we replace the assumptions on s by the same on Φ.
Example 3, continued. If X = [0, 1)k with k ≥ 2, we use the models and weights
defined in Section 3.2.4. Proceeding as for Proposition 3 we get:
Proposition 5. Let
√
s belong to HRα ([0, 1)k), then
Es
[
H2(s, s˜)
] ≤ C(Rk ∨ 1)2k/(k+2α).
If
√
s belongs to Bαp,∞([0, 1)
k) with 1 > α > k(1/p − 1/2)+ and |
√
s|Bαp,∞ ≤ R, then
E
[
H2(s˜, s)
] ≤ C(α, k, p)(R ∨ 1)2k/(k+2α).
As shown by the proof of Proposition 3, we only use the partitions in MR to get
(16) so that it would be of little use to introduce other partitions if we only wanted to
estimate intensities such that
√
s belong to HRα ([0, 1)k). The interest of considering
the larger familyM and to have a special definition of ∆m when m ∈ MT is that it
allows to improve the results when we deal with less regular functions than those for
which
√
s belong to HRα ([0, 1)k), in particular those functions that belong to Besov
spaces Bαp,∞([0, 1)
k) with 1 > α > k/p. To illustrate this fact, let us study the
estimation of those intensities s such that
√
s has the following specific structure.
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Given the nonempty set V which is a finite union of elements of K, there is a smallest
integer ¯ such that V can be written as the union of N elements of Kj¯ with a volume
V = N2−k¯ > 0. To avoid trivialities, we assume that ¯ > 0, hence V < 1.
Proposition 6. Let s be an intensity on [0, 1)k such that
√
s1lV belongs to HRα (V)
with R ≥ 1 while √s1lVc is constant and let s˜ be the PHE based on the weights ∆m
defined in Section 3.2.4. Then
(20) E
[
H2(s˜, s)
] ≤ C inf
m∈M
Bm with Bm = H
2(s, Sm) + |m|+∆m
and
Bm ≤ Cmin
{
2k¯ + V k/(k+2α)(kR)2k/(k+2α) ;(21)
V
[
k¯2k¯ + (kR)2k/(2α+k) [log (Rk)]2α/(2α+k)
]
;(22)
V
[
2k ¯2k¯ + (kR)2k/(2α+k)
]}
.(23)
Proof: Since (20) is merely a consequence of Theorem 3 with the choice pen(m) =
3δ|m| + 6∆m and ε = 1, we only have to bound Bm. Let us first consider a regular
partition m = Kj . If j < ¯, the bias H2(s, Sm) may be arbitrarily large since
the intensity s may be arbitrarily large on V while it may be small on Vc. For
j ≥ ¯, the argument used for the proof of Proposition 3 shows that on V, √s can be
approximated uniformly by an element of Sm with a precision at least Rk2
−jα so that
H2(s, Sm) ≤ V R2k22−2jα and Bm ≤ V R2k22−2jα + 2kj+1. If
[
V R2k2
]1/(2α+k) ≤ 2¯
we set j = ¯ and otherwise choose j so that 2j ≤ [V R2k2]1/(2α+k) < 2j+1. This
leads to (21).
If we set m = mp∨K0 with p being the set of those N2k(j−¯) = V 2kj ≥ 1 elements
of Kj (j ≥ ¯ ≥ 1) that exactly cover V, we get, since k ≥ 2
Bm ≤ V R2k22−2jα + (kj + 1)V 2kj + 1 ≤ V k
[
R2k2−2jα + 2j2kj
]
.
If
[
k2R2/ log(kR)
]1/(2α+k)
< 2¯ we set j = ¯ and otherwise choose j so that 2j ≤[
k2R2/ log(kR)
]1/(2α+k)
< 2j+1 which finally leads to (22).
To study the approximation properties of the elements of MkT let us consider a
particular cube K ′ = K¯,l ∈ V ∩K¯. Identifying the partitions in MkT with the trees
from which they derive, we can design an element mK ′ of MkT with 2k − 1 terminal
nodes at each level 1 to ¯ and the remaining node K ′ at level ¯. Then we keep only
non-terminal nodes up to level j ≥ ¯, all nodes at this last level j being terminal,
so that their number is 2k(j−¯). The total number of terminal nodes of the tree is
therefore ¯(2k − 1) + 2k(j−¯). We can repeat this operation for each of the N cubes
in V ∩ K¯ keeping the value of j fixed. This results in N similar trees. We finally
consider the smallest complete treem that contains the N previous ones. Its number
of terminal nodes is then bounded by N
[¯
(2k − 1) + 2k(j−¯)] so that
Bm ≤ V (Rk)22−2jα + 2N
[¯
(2k − 1) + 2k(j−¯)
]
≤ 2V
[
R2k22−2jα + ¯2k(¯+1) + 2kj
]
.
If
(
k2R2
)1/(2α+k)
< 2¯ we set j = ¯ and otherwise choose j so that 2j ≤ (k2R2)1/(2α+k) <
2j+1, which leads to (23).
A comparison of the three bounds (21), (22) and (23) shows that (23) is always
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better if we omit the influence of j¯ and k but the situation becomes more involved
if we take into account the effect of k and j¯. Depending on the values of V,R, ¯, α
and k, each type of partition may be the best which justifies to introduce them all.
Remark: An analogue of Proposition 6 holds for density estimation.
4.3. Non-negative random vectors. Let us recall from the introduction that we
observe an n-dimensional random vector with independent nonnegative components
N1, . . . , Nn and respective distributions depending on positive parameters s1, . . . , sn.
One should think of the Ni as Poisson or binomial random variables with unknown
expectations si. More generally, we assume that there exist some known constants
κ > 0 and τ ≥ 0 such that for all i ∈ X = {1, . . . , n}
(24) log
(
E
[
ez(Ni−si)
])
≤ κ z
2si
2(1− zτ) for all z ∈
[
0,
1
τ
[
,
with the convention 1/τ = +∞ if τ = 0, and
(25) log
(
E
[
e−z(Ni−si)
])
≤ κz
2si
2
for all z ≥ 0.
In the case of Poisson or binomial random variables, one can take κ = τ = 1 as we
shall see below.
Our aim is to estimate the function s from X to R+ given by s(i) = si. Here
we denote by λ the counting measure on X and set Y ≡ 1. Hence M = λ and
N(A) =
∑
i∈ANi. Then L can be identified with Rn+, E [N(A)] =
∫
A sdλ as required
and H2(t, t′) =
∑n
i=1
[√
t(i)−√t′(i)]2 for t, t′ ∈ L.
Theorem 4. Assume that (24) and (25) hold, that the family M satisfies As-
sumption H and the weights {∆m, m ∈M} are chosen so that (6) holds. Let
pen(m) ≥ κ [δ (1 +K2) |m|+ 3K2∆m] with
K =
√
2 if τ ≤ κ; K =
√
2
2
+
√
τ
κ
− 1
2
if τ > κ;
and let s˜ be the PHE defined in Section 2.3. Then
E
[
H2(s˜, s)
] ≤ 390 [ inf
m∈M
[
H2(s, Sm) + pen(m)
]
+ (3/2)κK2Σ2
]
+ ε.
Let us first check that some classical distributions do satisfy Inequalities (24)
and (25). If Ni is a binomial random variable with parameters ni, pi then for all
z ∈ R,
(26) log
(
E
[
ez(Ni−si)
])
≤ si (ez − z − 1) with si = nipi.
If Ni is a Poisson random variable with parameter si, then equality holds in (26).
Using the bounds ez−z−1 ≤ z2/[2(1−z)] for z ∈ [0, 1[ and ez−z−1 ≤ z2/2 for z < 0
we derive that, in both cases, (24) and (25) hold with κ = τ = 1. If Ni has a Gamma
distribution Γ(si, 1), E [Ni] = si and, following the proof of Lemma 1 of Laurent and
Massart (2000), we deduce that (24) and (25) hold again with κ = τ = 1. More
generally, it follows from some version of Bernstein’s Inequality — see Lemma 8 of
Birge´ and Massart (1998) — that (24) holds as soon as
E [(Ni)
p] ≤ κp!
2
siτ
p−2, for all i ∈ X and p ≥ 2.
ESTIMATING THE INTENSITY 19
Inequality (25) is always satisfied if Ni ≤ κ. Indeed it follows from
e−zx ≤ 1− zx+ z2x2/2, ∀x, z ≥ 0
that all non-negative random variables X bounded by κ satisfy
E
[
e−zX
] ≤ 1− zE[X] + z2E[X2]
2
≤ exp (−zE[X] + κz2E[X]/2) .
The results of Kolaczyk and Nowak (2004), which are based on some sort of dis-
cretized penalized maximum likelihood estimator in the spirit of Barron and Cover
(1991), have some similarity with ours but they assume that the components of the
vector s belong to some known interval [c, C], c > 0 and they explicitely use the
values of c and C in the construction of their estimator. Such an assumption, which
implies, as in the case of density estimation, that squared Hellinger distance and
Kullback divergence are equivalent also greatly simplifies the estimation problem.
Example 4, continued. Setting
(27) pen(m) = κ
[(
1 +K2
) |m|+ 3K2∆m] and ε = 1.
and using log
(n−1
D−1
) ≤ (D−1)(1+log[(n−1)/(D−1)]) with the convention 0 log((n−
1)/0) = 0 we get the risk bound
(28) E
[
H2(s˜, s)
] ≤ C(κ,K) inf
m∈M
{
H2(s, Sm) + |m|+ (|m| − 1) log
(
n− 1
|m| − 1
)}
.
If, for instance, s itself belongs to some Sm with a small value of |m|, which corre-
sponds to a piecewise stationary process (Ni)1≤i≤n with a few distribution changes,
the risk is bounded by C(κ,K)|m| log n.
Another interesting situation corresponds to the case of a monotone sequence
(si)1≤i≤n, i.e. a monotone function s on X that we may assume, without loss of
generality to be nondecreasing.
Proposition 7. Let the sequence si, 1 ≤ i ≤ n be nondecreasing with √sn−√s1 = R,
then the PHE s˜ based on the models of Example 4 with pen and ε given by (27)
satisfies the following risk bounds with a constant C depending only on κ and K:
• if R2 ≤ n−1 log n, then E [H2(s˜, s)] ≤ C(κ,K) (nR2 + 1);
• if R ≥ n/√3, then E [H2(s˜, s)] ≤ C(κ,K)n;
• otherwise E [H2(s˜, s)] ≤ C(κ,K) [R√n log(n/R)]2/3.
Remark: If we restrict ourselves to the case n = 2k, we can turn any function s on
X into a function s′ on [0, 1) by setting s′ = ∑ni=1 s(i)1l[(i−1)2−k ,i2−k). This trans-
formation will, in particular, preserve the monotonicity properties of the functions.
One could then estimate s′ using the more sophisticated families of weights that we
introduced in Section 3.2.2. The use of this strategy would improve the estimation
of monotone functions, removing the logarithmic factors.
Example 5, continued. Choosing pen and ε as in (27) and using the same arguments
as for Example 1, we derive an analogue of (28) with n replacing n − 1 in the
logarithmic factor. If we assume that si = s for i 6∈ I with |I| = k, then H2(s, Sm) =
0 for some m ∈ Mk and
E
[
H2(s˜, s)
] ≤ C(κ,K)[k + 1 + k log(n/k)].
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5. Special counting processes on the line
Let X be some interval of R+ of the form [0, ζ) where 0 < ζ ≤ +∞ with its Borel
σ-algebra A. We recall that a (univariate) counting process N˜ on X is a cadlag
(right-hand continuous and left-hand limited) process from X to R+, vanishing at
time t = 0, with piecewise constant and nondecreasing paths having jumps of size
+1 only. The use of counting processes in statistical modeling is developed in great
details in the book by Andersen et al. (1993) where the interested reader will find
many concrete situations for which these processes naturally arise. Typically, N˜t
counts the number of occurrences of a certain event from time 0 up to time t.
The jumping times of the process give the dates of occurrence of the event. A
counting process can be associated to a random measure N on X whose cumulative
distribution function is the counting process itself, i.e. N([0, t]) = N˜t for all t ∈ X .
In the sequel, we shall not distinguish between the counting process N˜ and its
associated measure N .
In this paper, we consider a phenomenon which is described by some bounded
counting process N∗ on X such that N∗(X ) ≤ k a.s. for some known integer k.
This means that N∗ describes an event that occurs at most k times during the
period X . We also assume that there exist a deterministic measure λ on X , a
deterministic nonnegative function s ∈ L1(X , dλ) and a nonnegative observable
process Y ∗ bounded by 1 on X such that
(29) E [N∗([0, t])] = E
[∫ t
0
sY ∗dλ
]
for all t ∈ X .
We actually observe an aggregated counting process N which is the sum of n i.i.d.
processes N j, j = 1, . . . , n with the same distribution as N∗. The fact that the
measure N j is determined by its cumulative distribution function and (29) imply
that there are i.i.d. observable processes Y j, j ∈ {1, . . . , n} with the distribution of
Y ∗ such that
E
[
N j(A)
]
= E
[∫
A
sY jdλ
]
for all A ∈ A and 1 ≤ j ≤ n.
Therefore (1) holds with M = Y dλ and Y =
∑n
j=1 Y
j . For such counting processes,
we can prove the following result.
Theorem 5. Assume that there exist a positive integer k and a positive num-
ber κ′, both known, such that N∗(X ) ≤ k a.s., (29) holds and Var [∫I sY ∗dλ] ≤
κ′E
[∫
I sY
∗dλ
]
for all intervals I ⊂ X . Assume moreover that ∫X sdλ < +∞ and
the aggregated process N satisfies (2). Let us choose a family M satisfying Assump-
tion H and weights {∆′m, m ∈ M} such that
(30)
∑
m∈M
exp[−η∆′m] = Σ′(η) < +∞ for η = k
(
k +
∫
X
sdλ
)−1
.
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Then the estimator sˆmˆ defined in Section 2.3 with pen(m) ≥ 16δ|m|(k+κ′)+404k∆′m
satisfies
E
[
H2(sˆmˆ, s)
]
≤ 390
(
E
[
inf
m∈M
(
H2(s, Sm) + pen(m)
)]
+ 404kη−1[Σ′(η)]2
)
+ ε
≤ 390
(
inf
m∈M
{
E
[
H2(s, Sm)
]
+ pen(m)
}
+ 404kη−1[Σ′(η)]2
)
+ ε.
In the last bound, E
[
H2(s, Sm)
]
plays the role of a bias term which can be
bounded in the following way. Let us set
S′m =
{
t =
∑
I∈m∩J
tI1lI with tI ≥ 0 for all I ∈ m
}⋂
L,
where the tI are now deterministic. Then S
′
m ⊂ Sm, hence H2(s, Sm) ≤ H2(s, S′m)
and, for t ∈ S′m,
H2(s, t) =
∫
X
(√
s−√t
)2
Y dλ ≤ n
∫
X
(√
s−√t
)2
dλ,
since Y ≤ n. Finally
E
[
H2(s, Sm)
] ≤ n inf
t∈S′m
∫
X
(√
s−√t
)2
dλ = b2m(s)
and
E
[
H2(sˆmˆ, s)
] ≤ 390( inf
m∈M
{
b2m(s) + pen(m)
}
+
404k
η
[Σ′(η)]2
)
+ ε.
Note that the present framework includes, as a particular case, density estimation, if
we observe an n-sampleX1, . . . ,Xn with density s with respect to λ and set N
j(A) =
1lA(Xj). Then Y = n and H
2(s, t) = n
∫
X
(√
s−√t)2 dλ which corresponds to
using the distance H of Section 4.1 multiplied by
√
n. Up to this scaling factor, the
previous risk bound is analogue to that for estimating densities we get in Theorem 1.
In order to derive risk bounds which are similar to those given in Proposition 1,
we have to distinguish between two situations. The most favorable one occurs when
we know an upper bound Γ for
∫
X s dλ, in which case, since 0 ≤ Y ∗ ≤ 1,
Var
[∫
I
sY ∗dλ
]
≤ E
[(∫
I
sY ∗dλ
)2]
≤
(∫
X
s dλ
)
E
[∫
I
sY ∗dλ
]
and we can set κ′ = Γ. Moreover, assuming that (6) holds, we can choose ∆′m =(
1 + k−1Γ
)
∆m without any further restriction on the family of models. Using the
same family of partitions as in the density case, we recover the bounds of Propo-
sitions 1 and 2 up to the factor n corresponding to the rescaling of the distance
H.
Let us now turn to the less favorable situation where no bound for
∫
X s dλ is
known, which is the typical case for Problem 4. As we shall see the number κ′ can
still be computed. As to (30) it will be satisfied with ∆′m = |m| as soon as the
number of models such that |m| = D is bounded independently of D. Restricting
ourselves to the familyMR of regular partitions, we recover, up to the factor n, the
bounds provided by case ii) of Proposition 1.
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5.1. Survival analysis with right-censored data. Let us now consider the frame-
work of Problem 3, denoting by PT the common distribution of the Ti. We con-
sider the counting process N on R+ defined by N =
∑n
j=1N
j where N j(A) =
1l{T˜j∈A,Dj=1} for all measurable subsets A of R+, so that we can take k = 1. Then
the variables N j(A), 1 ≤ j ≤ n are i.i.d. Bernoulli random variables. We define s to
be the hazard rate of the survival times, i.e. s(t) = p(t)/P[T1 ≥ t] for t > 0. Since
s is not integrable on R+ we shall restrict ourselves to some bounded interval X
of R+, which we can take, without loss of generality, to be [0, 1) if we assume that
P[T1 ≥ 1] > 0. We also assume here that the censorship satisfies for all t ≥ 0,
(31) E
[
N j([0, t])
]
= E
[∫ t
0
s(u)Y j(u)du
]
, with Y j(t) = 1lT˜j≥t,
which means that (29) holds. Equality (31) is clearly satisfied when Cj = Tj for
all j, i.e. when the data are uncensored. It is also satisfied when the censorship
is independent of the survival time, i.e. when Cj and Tj are independent for all j.
Indeed, we then have for all j and t ≥ 0, by Fubini Theorem and independence,
E
[∫ t
0
s(u)Y j(u)du
]
= E
[∫ t
0
p(u)
P(Tj ≥ u)1lCj≥u1lTj≥udu
]
=
∫ t
0
p(u)P(Tj ≥ u)P(Cj ≥ u)
P(Tj ≥ u) du
=
∫
1l[0,t](u)P(Cj ≥ u)dPT (u)
= P [Tj ≤ t, Tj ≤ Cj] = E
[
N j([0, t])
]
.
Proposition 8. If the processes N j satisfy (31), the assumptions of Theorem 5 hold
with k = 1, κ′ = 2 and
∫
X sdλ = − log(P[T1 ≥ 1]).
From a practical point of view, one can always estimate P[T1 ≥ 1] accurately
enough to assume that an upper bound Γ for
∫
X sdλ is known. We can therefore
apply Theorem 5 to the the family of models of Example 1 with the weights ∆m
given in Section 4.1, setting ∆′m = (1 +Γ)∆m. We then obtain perfect analogues of
Propositions 1 and 2 with constants C now depending on Γ. To avoid redundancy,
we leave the precise statement of the risk bounds to the reader.
5.2. Transition intensities of Markov processes. Within the framework of
Problem 4, we associate to T1,0 the counting process N
∗ defined for t ≥ 0 by
N∗([0, t]) = 1l{T1,0≤t} so that
(32) E [N∗([0, t])] =
∫ t
0
p(u)du = E
[∫ t
0
1l{Xu−=1}s(u)du
]
and (29) holds with Y ∗(u) = 1l{Xu−=1}. Our aim here is to estimate s on some
bounded interval X of R+ from the observation of the counting process N =∑n
j=1N
j where theN j’s are i.i.d. copies ofN∗ associated to n i.i.d. copiesX1, . . . ,Xn
of the process X. If X takes only the two values 0 and 1 and a.s. starts from 1 to
reach 0, then the problem reduces to estimating the density p of T1,0; it becomes
novel when we have at least three states. In any case, we get the following result.
Proposition 9. If the weights ∆′m satisfy
∑
m∈M exp[−η∆′m] < +∞ for all η > 0
and
∫
X s(t)dt < +∞ then Theorem 5 applies with k = 1 and κ′ = 2.
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6. A unifying result
We want here to analyze our estimation procedure from the general point of view
described in Section 2 and prove a risk bound for the estimator s˜, from which we
shall be able to derive the previous risk bounds corresponding to all the specific
frameworks that we considered. For this we introduce the following approximation
for s in Sm:
(33) sm =
∑
I∈m∩J
sI
λ(I)
1lI with sI =
∫
I
s dλ.
We need here a bound for H2 (sˆm, sm) which holds uniformly for m ∈ M. It takes
the following form:
H’ : There exist three positive constants a, b and c, c ≥ 1 such that, for any m ∈ M,
(34) P
[
H2(sˆm, sm) ≥ c|m|+ bz
] ≤ a exp[−z] for all z ≥ 0.
We can now derive bounds for the risk of the estimator s˜ defined in Section 2.3.
Theorem 6. Let Assumptions H and H’ hold and the weights ∆m satisfy (6). Let
the penalty pen(m) be given by
(35) pen(m) ≥ cδ|m|+ b∆m.
and mˆ be any element of M satisfying (5). Then the estimator s˜ = sˆmˆ satisfies
(36) E
[
H2(s˜, s)
] ≤ 390(E [ inf
m∈M
(
H2(s, Sm) + pen(m)
)]
+ abΣ2/2
)
+ ε.
Note that such a result has been obtained without any assumption on the under-
lying space X and the true value s of the parameter, apart from the fact that it
belongs to L. Note also that in (36), the infimum over m ∈ M occurs inside the
expectation, which makes a difference when M , and therefore H(s, Sm), is random.
As we have previously seen, δ ≤ 2 for all the models we consider. Moreover, we
shall see in Sections 7.3.1, 7.4.1 and 7.5.1 that for Problems 0, 1 and 2, a = 1 and b
and c take the form b = b′CP and c = c
′CP where b
′ and c′ are numerical constants
and CP depends of the problem we consider (for instance CP = n
−1 for density
estimation). If we choose pen(m) = c0CP (|m| + ∆m) for some suitable numerical
constant c0 and ε ≤ CP , it follows that (36) becomes
E
[
H2(s˜, s)
]
≤ 390
(
E
[
inf
m∈M
(
H2(s, Sm) + c0CP (|m|+∆m)
)]
+ 2b′CPΣ
2/2
)
+ CP ,
which gives (7). If there is only one model m in the family M, we can fix ∆m = 0,
hence Σ = 1, which leads to (3).
Proof. Let m∗ be an arbitrary element of M. It follows from the definition of D
that for any m ∈ M, H2(sˆm, sˆm∗) ≤ D(m) ∨ D(m∗). Therefore,
(37) H2(sˆmˆ, sˆm∗) ≤ D(mˆ) ∨ D(m∗) ≤ D(m∗) + ε/3,
by (5). It also follows from (4) that, if Tm,m∗ ≤ 0, then
(38) H2(sˆm, sˆm∨m∗)−H2(sˆm∗ , sˆm∨m∗) ≤ 16[pen(m∗)− pen(m)].
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Moreover
H2(sˆm, sˆm∨m∗)−H2(sˆm∗ , sˆm∨m∗)
=
∫
sˆm dλ−
∫
sˆm∗ dλ+ 2
∫ (√
sˆm∗ −
√
sˆm
)√
sˆm∨m∗ dλ
= H2(sˆm, sˆm∗) + 2
∫ (√
sˆm∗ −
√
sˆm
)(√
sˆm∨m∗ −
√
sˆm∗
)
dλ,
hence, by (38) and Cauchy-Schwarz Inequality,
H2(sˆm, sˆm∗)
≤ 16[pen(m∗)− pen(m)] + 2
∫ (√
sˆm −
√
sˆm∗
)(√
sˆm∨m∗ −
√
sˆm∗
)
dλ
≤ 16[pen(m∗)− pen(m)] + 2H(sˆm, sˆm∗)H(sˆm∨m∗ , sˆm∗)
≤ 16[pen(m∗)− pen(m)] + 1
2
H2(sˆm, sˆm∗) + 4H
2(sˆm∨m∗ , sˆm∗).
Therefore, for any m ∈ M such that Tm,m∗ ≤ 0,
H2(sˆm, sˆm∗) ≤ 8H2(sˆm∨m∗ , sˆm∗),+32[pen(m∗)− pen(m)]
and, since
H2(sˆm∨m∗ , sˆm∗)
≤ 4 [H2(sˆm∨m∗ , s¯m∨m∗) +H2(s¯m∨m∗ , s) +H2(s, s¯m∗) +H2(s¯m∗ , sˆm∗)] ,
then
(1/32)H2(sˆm, sˆm∗) ≤ H2(sˆm∨m∗ , s¯m∨m∗) +H2(sˆm∗ , s¯m∗) + pen(m∗)
− pen(m) +H2(s¯m∨m∗ , s) +H2(s, s¯m∗).(39)
Let us set, for all z ≥ 0 and (m,m′) ∈ M2,
Ωz =
⋂
(m,m′)∈M2
{
ω ∈ Ω ∣∣H2(sˆm∨m′ , s¯m∨m′) ≤ c|m ∨m′|+ b[∆m +∆m′ + z]} .
It follows from (34) that
(40) P [Ωcz] ≤ ae−z
∑
(m,m′)∈M2
e−∆m−∆m′ = Σ2ae−z.
Let now ω belong to Ωz. It then follows that
(41) H2(sˆm∗ , sm∗) ≤ c|m∗|+ 2b∆m∗ + bz ≤ 2 pen(m∗) + bz
and, using Assumption H, that
H2(sˆm∨m∗ , s¯m∨m∗) ≤ cδ[|m| + |m∗|] + b[∆m +∆m∗ + z].
Therefore we derive from (39), (41) and (35) that, for all m ∈ M such that Tm,m∗ ≤
0,
(1/32)H2(sˆm, sˆm∗) ≤ H2(s¯m∨m∗ , s) +H2(s, s¯m∗) + (1 + δ)c|m∗|
+ 3b∆m∗ + 2bz + pen(m
∗)
≤ H2(s¯m∨m∗ , s) +H2(s, s¯m∗) + 2bz + 4pen(m∗).
In order to control the bias terms H2(s, s¯m′) of the various estimators involved in
the construction of s˜, we shall use Lemma 2 below. Since Sm∨m∗ ⊃ Sm∗ for all
m ∈ M, this lemma implies that
H2(s¯m′∨m∗ , s) ≤ 2H2(s, Sm′∨m∗) ≤ 2H2(s, Sm∗),
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therefore
H2(sˆm, sˆm∗) ≤ 128
[
H2(s, Sm∗) + pen(m
∗) + bz/2
]
,
for all m ∈M such that Tm,m∗ ≤ 0 and we conclude from (37) and the definition of
D that, if ω ∈ Ωz,
H2(sˆmˆ, sˆm∗) ≤ D(m∗) + ε/3 ≤ 128
[
H2(s, Sm∗) + pen(m
∗) + bz/2
]
+ ε/3.
Since
H2(sˆmˆ, s) ≤ 3
[
H2(sˆmˆ, sˆm∗) +H
2(sˆm∗ , sm∗) +H
2(s¯m∗ , s)
]
,
it follows from (41) and Lemma 2 that
H2(sˆmˆ, s) ≤ 3
[
130H2(s, Sm∗) + 130 pen(m
∗) + 65bz + ε/3
]
.
Since m∗ is arbitrary in M we finally get
H2(sˆmˆ, s)1lΩz ≤ 390
(
inf
m∈M
[
H2(s, Sm) + pen(m)
]
+ bz/2
)
+ ε.
An integration with respect to z taking (40) into account leads to (36). 
Lemma 2. Within the framework of Section 2.1, for any f ∈ L, we have
H2(f, f¯m) ≤ 2H2(f, Sm) with f¯m =
∑
I∈m∩J
(∫
I
f
dλ
λ(I)
)
1lI .
Proof. Let X ′ = ⋃I∈m∩J I. Note that M is a finite measure on X ′ and that for all
t ∈ Sm,
H2(f, t) = H2(f1lX ′ , t) +
∫
X\X ′
fdλ.
It is therefore enough to show the result for X ′ in place of X and f1lX ′ in place of
f and we can restrict ourselves to the case where M is a finite measure on X . Let√
f ′ be the L2(X , dλ) projection of
√
f on Sm. Since the value of
√
f ′ on I is given
by
∫
I
√
fdλ/λ(I), it suffices to prove that for each I ∈ m ∩ J
(42)
∫
I
(√
f −
√∫
I
f
dλ
λ(I)
)2
dλ ≤ 2
∫
I
(√
f −
∫
I
√
f
dλ
λ(I)
)2
dλ.
By homogeneity, we may assume that λ(I) = 1. Expanding the left-hand side of (42)
we get
∫
I
(√
f −
√∫
I
fdλ
)2
dλ = 2
(∫
I
fdλ−
∫
I
√
fdλ×
√∫
I
fdλ
)
,
which, together with the inequality
√∫
I fdλ ≥
∫
I
√
fdλ, leads to the desired result.

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7. Proofs
7.1. Proof of Lemma 1. Let m = mp ∨ Kj and m′ = mp′ ∨ Kj′ be two elements
of M and I¯p =
(
[0, 1)k \ ∪I∈pI
)
, I¯p′ =
(
[0, 1)k \ ∪I′∈p′I ′
)
. Assuming, with no loss of
generality, that j ≥ j′, we get
m ∨m′ = mp ∨mp′ ∨ Kj ∨ Kj′ = mp ∨mp′ ∨Kj = m1 ∪m2 ∪m3 ∪m4,
with
m1 =
{
K ∩ I ∩ I ′ 6= ∅ |K ∈ Kj , I ∈ p, I ′ ∈ p′
}
;
m2 =
{
K ∩ I ∩ I¯p′ 6= ∅ |K ∈ Kj, I ∈ p
}
;
m3 =
{
K ∩ I¯p ∩ I ′ 6= ∅ |K ∈ Kj, I ′ ∈ p′
}
;
m4 =
{
K ∩ I¯p ∩ I¯p′ 6= ∅ |K ∈ Kj
}
.
Since j < J(p), hence p ⊂ ∪l>jKl, for K ∈ Kj and I ∈ p, K ∩ I is either I or ∅,
so that m = p ∪ pj with pj = {K ∩ I¯p 6= ∅,K ∈ Kj} and |m| = |p| + |pj|. It also
follows that |m1| ≤ |p|+ |p′| and |m2| ≤ |p|. Then, given K ∈ Kj and I ′ ∈ p′, K ∩ I ′
is either K or I ′ or ∅ since K, I ′ ∈ K, so that |m3| ≤ |pj |+ |p′|. Finally |m4| ≤ |pj |
and
|m ∨m′| ≤ 2 (|p|+ |p′|+ |pj |) ≤ 2(|m|+ |m′|).
7.2. Some large deviations inequalities. The proofs of Theorems 1, 3, 4 and 5
require to check (34) for each specific framework. Since
(43) H2 (sˆm, s¯m) =
∑
I∈m∩J
(√
N(I)−√sI
)2
for all m ∈ M,
this amounts to proving some deviation results for quantities of the form∑
I∈m∩J
(√
N(I)−√sI
)2 − c|m|
which is the purpose of this section. Throughout it, we consider a finite set of
non-negative random variables XI with I ∈ m and the related quantities
(44) χ2(m) =
∑
I∈m
(√
XI −
√
E [XI ]
)2
,
the notation suggesting that these variables behave roughly like χ2 random variables
as we shall see. Our purpose will be to derive deviation bounds for those variables
from their expectation. Our first result is as follows:
Theorem 7. Let (XI)I∈m be a finite set of independent non-negative random vari-
ables and χ2(m) be given by (44). We assume that there exists κ > 0 and τ ≥ 0
such that
(45) log
(
E
[
ez(XI−E[XI ])
])
≤ κ z
2
E [XI ]
2(1 − zτ) for all z ∈ [0, 1/τ [,
and
(46) log
(
E
[
e−z(XI−E[XI ])
])
≤ κz
2
E [XI ]
2
for all z > 0.
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Let
K = max
{√
2 ;
√
2
2
+
√(
τ
κ
− 1
2
)
+
}
.
Then for all x > 0,
(47) P
[
χ2(m) ≥ E [χ2(m)]+K2κ(2√2|m|x+ x)] ≤ e−x,
and
(48) P
[
χ2(m) ≤ E [χ2(m)]− 2K2κ√2|m|x] ≤ e−x.
Proof. Let us first introduce the following large deviation result, the proof of which
follows the lines of the proof of Lemma 8 of Birge´ and Massart (1998).
Lemma 3. Let Y1, . . . , Yn be n independent, centered random variables. If
log
(
E
[
ezYi
]) ≤ κ z2θi
2(1 − zτ) for all z ∈ [0, 1/τ [ and 1 ≤ i ≤ n,
then
P
 n∑
i=1
Yi ≥
(
2κx
n∑
i=1
θi
)1/2
+ τx
 ≤ e−x for all x > 0.
If, for 1 ≤ i ≤ n and all z > 0, log (E [e−zYi]) ≤ κz2θi/2, then
P
 n∑
i=1
Yi ≤ −
(
2κx
n∑
i=1
θi
)1/2 ≤ e−x for all x > 0.
It follows from (45), (46) and Lemma 3 with n = 1, Y1 = XI − E [XI ] and
θ1 = E [XI ] that, for all x > 0 and I ∈ m,
P
[
XI ≥ E [XI ] +
√
2κE [XI ]x+ τx
]
≤ e−x
and
P
[
XI ≤ E [XI ]−
√
2κE [XI ]x
]
≤ e−x.
Setting u = E [XI ] /(κx), we deduce that, with probability not smaller than 1−2e−x,∣∣∣√XI −√E [XI ]∣∣∣
≤ max
{√
E [XI ]−
√(
E [XI ]−
√
2κE [XI ] x
)
+
;√
E [XI ] +
√
2κE [XI ] x+ τx−
√
E [XI ]
}
=
√
κx max
{√
u−
√(
u−
√
2u
)
+
;
√
u+
√
2u+ (τ/κ) −√u
}
≤ √κx sup
z>0
max
{√
z −
√(
z −
√
2z
)
+
;
√
z +
√
2z + (τ/κ) −√z
}
.
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On the one hand, note that z → √z −
√(
z −√2z)
+
admits a maximum equal to√
2 for z = 2. On the other hand, using the inequality
√
a+ b ≤ √a + √b which
holds for all positive numbers a, b, we obtain for all z > 0,√
z +
√
2z + (τ/κ) −√z ≤
√√√√(√z + √2
2
)2
+
(
τ
κ
− 1
2
)
+
−√z
≤
√
2
2
+
√(
τ
κ
− 1
2
)
+
and therefore
∣∣∣√XI −√E [XI ]∣∣∣ ≤ K√κx with probability not smaller than 1−2e−x,
or equivalently
(49) P
[
UI ≥ K2x
] ≤ 2e−x for all x > 0 with UI = κ−1 (√XI −√E [XI ])2 .
Since χ2(m) = κ
∑
I∈m UI and the random variables UI , I ∈ m are independent,
(47) will derive from Lemma 3 if we show, setting EI = E [UI ], that
(50) log
(
E
[
ez(UI−EI)
])
≤ 4K
4z2
2(1 −K2z) for all z ∈]0, 1/K
2[.
Similarly, (48) will follow from
(51) log
(
E
[
e−z(UI−EI)
])
≤ 4K
4z2
2
for all z > 0.
To prove (50), we shall use the following lemma about the centered moments of
positive random variables.
Lemma 4. Let Z be a non-negative random variable. For any positive even integer
k,
E
[
(Z − E [Z])k
]
≤ E
[
Zk
]
− (E [Z])k ≤ E
[
Zk
]
.
Note that the inequality E
[
(Z − E [Z])k
]
≤ E [Zk] also holds true for odd integers
k since E [Z] ≥ 0 and the map z 7→ zk is then increasing.
Proof. Since the result is trivial for k = 2, we may assume that k ≥ 4 and, using
homogeneity, that E [Z] = 1. Consider the function z 7→ Q(z) = zk−(z−1)k−k(z−1)
on [0,+∞[. Its second derivative is negative for z < 1/2 and positive for z > 1/2,
from which we easily derive that Q has a minimum for z = 1. This shows that
Q(z) ≥ 1 for all z ≥ 0 and consequently,
E
[
Zk
]
− E
[
(Z − 1)k
]
= E [Q (Z)] ≥ Q(1) = 1
which leads to the result. 
The random variable UI is positive and by (49) satisfies P [UI ≥ t] ≤ 2e−t/K2 .
Consequently, we deduce from the previous lemma (with Z = UI) that for all integers
k (odd or even)
(52) E
[
(UI − EI)k
]
≤ E
[
UkI
]
=
∫ +∞
0
ktk−1P [UI ≥ t] dt ≤ 2(k!)K2k.
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Hence, for all z ∈]0, 1/K2[ ,
log
(
E
[
ez(UI−EI)
])
≤ log
1 + 0 + 2∑
k≥2
zkK2k
 ≤ 2∑
k≥2
zkK2k =
4K4z2
2(1 −K2z) .
To prove (51), note that, for all z, u > 0, e−zu ≤ 1 − zu + z2u2/2. Therefore, by
(52),
log
(
E
[
e−z(UI−EI)
])
= log
(
E
[
e−zUI
])
+ zEI ≤ z
2
2
E
[
U2I
] ≤ 4K4z2
2
,
which completes the proof of Theorem 7. 
A second pair of deviation inequalities for variables of the form χ2(m) is as follows.
Theorem 8. Let m be a finite index set and Xj = (XI,j)I∈m, 1 ≤ j ≤ p be i.i.d.
random vectors with values in R
|m|
+ . Assume that there exist positive numbers A and
κ such that
(53)
∑
I∈m
XI,1 ≤ A a.s. and Var (XI,1) ≤ κE [XI,1] for all I ∈ m.
If XI =
∑p
j=1XI,j for all I ∈ m and χ2(m) is given by (44), then
(54) P
[
χ2(m) ≥ 8κ|m|+ 202Ax] ≤ e−x for all x > 0.
Proof. Since XI,1 = 0 a.s. if E[XI,1] = 0, we may remove all indexes I such that
E[XI,1] = 0 in the sum and therefore assume that E [XI ] = pE [XI,1] > 0 for all
I ∈ m. We can then write, for all z > 0,
P
(√
X 2(m) ≥ z
)
= P
∑
I∈m
(√
XI −
√
E [XI ]
)
√X 2(m)
(√
XI −
√
E [XI ]
)
≥ z,
√
X 2(m) ≥ z

= P
∑
I∈m
(√
XI −
√
E [XI ]
)
√
X 2(m)
XI − E [XI ]√
XI +
√
E [XI ]
≥ z,
√
X 2(m) ≥ z

= P
 p∑
j=1
∑
I∈m
(√
XI −
√
E [XI ]
)
(XI,j − E [XI,j])√X 2(m)(√XI +√E [XI ])
 ≥ z,√X 2(m) ≥ z

= P
∑
I∈m
 p∑
j=1
(√
XI −
√
E [XI ]
)√
E [XI ]√X 2(m)(√XI +√E [XI ])
XI,j − E [XI,j]√
E [XI ]
≥ z,√X 2(m) ≥ z

= P
 p∑
j=1
∑
I∈m
tI
XI,j − E [XI,j]√
E [XI ]
≥ z,
√
X 2(m) ≥ z
 ,
where
tI =
(√
XI −
√
E [XI ]
)√
E [XI ]√X 2(m)(√XI +√E [XI ]) for all I ∈ m.
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Note that
∑
I∈m t
2
I ≤ 1 since
√
E [XI ]/(
√
XI +
√
E [XI ]) ≤ 1 and that |tI | ≤
z−1
√
E [XI ] on the set
√X 2(m) ≥ z, from which we deduce that
(55) P
(√
X 2(m) ≥ z
)
≤ P
sup
t∈T
p∑
j=1
∑
I∈m
tI
XI,j − E [XI,j]√
E [XI ]
≥ z
 ,
where T denotes the set of vectors t = (tI)I∈m ∈ R|m| satisfying
(56) |tI | ≤
√
E [XI ]
z
for all I ∈ m and
∑
I∈m
t2I ≤ 1.
In order to bound the right-hand side of (55), we shall use the following result from
Massart (2000, Theorem 2.4).
Theorem 9. Let ξ1, . . . , ξp be independent random variables with values in some
measurable space H and F be some countable family of real valued measurable func-
tions on H such that ‖f‖∞ ≤ b < +∞ for all f ∈ F . If
Z = sup
f∈F
∣∣∣∣∣∣
p∑
j=1
f(ξj)− E
[
f(ξj)
]∣∣∣∣∣∣ and σ2 = supf∈F
 p∑
j=1
Var
(
f(ξj)
) ,
then for every positive numbers ε, x
P
[
Z ≥ (1 + ε)E [Z] + 2σ
√
2x+
(
2.5 + 32ε−1
)
bx
]
≤ e−x.
We want to apply this result to the vectors ξj ∈ R|m| with coordinates ξI,j =
(XI,j − E [XI,j])/
√
E [XI ] for I ∈ m. Under our assumptions, these random vectors
are independent and satisfy∑
I∈m
√
E [XI ]|ξI,j| ≤
∑
I∈m
(XI,j + E [XI,j]) ≤ 2A.
Consequently, the random vectors ξj take their values in the subset H of R|m| given
by
H =
{
u = (uI , I ∈ m)
∣∣∣∣∣ ∑
I∈m
√
E [XI ]|uI | ≤ 2A
}
.
For u ∈ H and t ∈ T , we set ft(u) =
∑
I∈m tIuI and F = {ft, t ∈ T ′} where
T ′ denotes a countable and dense subset of T . With no loss of generality we can
assume that T ′ is symmetric around 0 (if t ∈ T ′ then −t ∈ T ′) which implies that
the absolute values can be removed in the definition of Z. Since, for all t ∈ T and
1 ≤ j ≤ p, ft(ξj) is centered, we can finally write
Z = sup
t∈T
p∑
j=1
∑
I∈m
tI
XI,j − E [XI,j]√
E [XI ]
= sup
t∈T
∑
I∈m
tI
 p∑
j=1
XI,j − E [XI,j ]√
E [XI ]
 .
Using Cauchy-Schwarz Inequality and (56), we then derive that
E
2 [Z] ≤ E [Z2] ≤∑
I∈m
E
 p∑
j=1
XI,j − E [XI,j]√
E [XI ]
2 = ∑
I∈m
p∑
j=1
Var(XI,j)
E [XI ]
.
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Since Var(XI,j) ≤ κE [XI,j ] and
∑p
j=1 E [XI,j] = E [XI ], we conclude that E [Z] ≤√
κ|m|. To bound ‖ft‖∞, we use (56) which implies that, for all u ∈ H and t ∈ T ,
|ft(u)| =
∣∣∣∣∣∑
I∈m
tIuI
∣∣∣∣∣ ≤∑
I∈m
|tI ||uI | ≤
∑
I∈m
√
E [XI ]|uI |
z
≤ 2A
z
.
Finally, it follows from the equidistribution of the Xj, Cauchy-Schwarz Inequality,
(53) and (56) that, for all t ∈ T ,
p∑
j=1
Var
(
ft(ξj)
)
= pVar (ft(ξ1)) = pE
(∑
I∈m
tI
XI,1 − E [XI,1]√
pE [XI,1]
)2
≤ 2E
(∑
I∈m
tI
XI,1√
E[XI,1]
)2+ 2(∑
I∈m
tI
√
E[XI,1]
)2
≤ 2E
[(∑
I∈m
XI,1
)(∑
I∈m
t2I
XI,1
E[XI,1]
)]
+ 2
∑
I∈m
t2I
∑
I∈m
E[XI,1]
≤ 2A
(
E
[∑
I∈m
t2I
XI,1
E[XI,1]
]
+
∑
I∈m
t2I
)
≤ 4A.
In view of all these bounds, we may apply Theorem 9 with σ2 = 4A, b = 2A/z and
ε = 1 and obtain that P
[√
χ2(m) ≥ z
]
≤ e−x as soon as z ≥ 2√κ|m| + 4√2Ax +
69Ax/z. Solving this quadratic inequation and using (a+ b)2 ≤ 2 (a2 + b2), we can
check that this inequality holds if z2 ≥ 8κ|m|+ 202Ax, hence the result. 
7.3. Density estimation.
7.3.1. Proof of Theorem 1. For two given classes m,m′ ∈ M, we apply Theorem 8
with m′′ = m ∨ m′ in place of m, p = n and XI,j = 1lYj∈I for all I ∈ m′′ and
j = 1, . . . , n. Then XI = nN(I) and (53) is satisfied with A = κ = 1 since XI,1
is a Bernoulli random variable and we derive from (43) that, for all x > 0, with
probability not smaller than 1− e−x,
H2(sˆm′′ , sm′′) =
∑
I∈m′′
(√
N(I)−
√
E [N(I)]
)2
=
χ2(m′′)
n
≤ 8|m
′′|+ 202x
n
.
Therefore (34) holds with c = 8/n, a = 1 and b = 202/n. We then conclude from
Theorem 6 and the fact that H2(t, u) is always bounded by 2.
7.3.2. Proof of Proposition 1. By assumption,
√
s has a variation bounded by R and
we may apply to it Corollary 1 of Barron, Birge´ and Massart (1999) with α = 1,
D = 2j with j ≥ 2 and N = 23j . It follows that one can find m ∈ M3j,D such that
H2(s, Sm) ≤ (64/3)(R/D)2 . Since pen(m) ≤ CjDn−1 for m ∈ M3j,D, we derive
from Theorem 1 that
Es
[
H2(s˜, s)
] ≤ C ′ inf
j≥2
{
R22−2j + j2jn−1
}
.
Then (11) follows if we define j ≥ 2 by
4−j+1 ≤ [nR2/ log (1 + nR2)]−2/3 < 4−j+2,
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which is always possible since nR2 > 0, and distinguish between the cases j = 2
(which corresponds to nR2 ≤ 26.519) and j > 2.
When
√
s is continuous with modulus w, there exists an element t ∈ Smj such
that ‖√s − √t‖∞ ≤ w(2−j), hence H(s, Smj ) ≤ w(2−j). Since xw > 0, we can
choose j such that 2−j < xw ≤ 2−j+1. Recalling that pen(mj) ≤ C2j/n, we deduce
from Theorem 1 that
Es
[
H2(s˜, s)
] ≤ C ′ [w2(2−j) + n−12j] ≤ C ′ [w2(xw) + 2(nxw)−1] ≤ 3C ′(nxw)−1,
which proves (12). If
√
s belongs to HRα with R ≥ n−1/2, then xw = (nR)−2/(2α+1)
and the risk bound follows.
If s belongs to S3(D,R), we can write s =∑Dk=1 sk1l[xk−1,xk) with 0 = x0 < x1 <
. . . < xD = 1 and sup1≤k≤D sk ≤ R. Fix l such that 2l ≥ nR > 2l−1. Then 2l ≥ 2D
and for 0 ≤ k ≤ D, set x′k = sup{x ∈ Jl |x ≤ xk} and t =
∑D
k=1 sk1l[x′k−1,x
′
k
) so that
t ∈ Sm with m ∈ Ml,D′ with D′ ≤ D since some intervals [x′k−1, x′k) may be empty.
Then
H2(s, t) ≤ R
D−1∑
k=1
(xk − x′k) < RD2−l.
Recalling from (9) that pen(m) ≤ Cn−1[D(l log 2+2−logD)+2 log l] form ∈ Ml,D,
we conclude from Theorem 1, (9) and our choice of l that
Es
[
H2(s˜, s)
]
≤ C ′
[
RD2−l + [D(l log 2 + 2− logD) + 2 log l]n−1
]
≤ C ′(D/n)
[
3 + log 2 + log
(
2l−1/D
)
+ 2D−1 log l
]
≤ C ′(D/n) [3 + log 2 + log (nR/D) + 2(D log 2)−1 log log(2nR)]
and (13) follows since nR ≥ 2D.
7.4. Random vectors.
7.4.1. Proof of Theorem 4. For two given elements m,m′ ∈ M, we apply Theorem 7
with m′′ = m ∨m′ in place of m and XI = N(I). We derive from the independence
of the Ni that (45) and (46) hold. Therefore, for all x > 0, with probability not
smaller than 1− e−x,
H2(sˆm′′ , sm′′) =
∑
I∈m′′
(√
N(I)−
√
E [N(I)]
)2
≤ E
[ ∑
I∈m′′
(√
N(I)−
√
E [N(I)]
)2]
+K2κ
(
2
√
2|m′′|x+ x
)
.
If follows from (45) that Var(N(I)) ≤ κE [N(I)] (expand both side of (45) in a
vicinity of 0) and therefore
E
[∑
I∈m′′
(√
N(I)−
√
E [N(I)]
)2]
=
∑
I∈m′′
E
[(√
N(I)−
√
E [N(I)]
)2]
≤
∑
I∈m′′
E
[
(N(I)− E [N(I)])2
E [N(I)]
]
≤ κ|m′′|.
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Using the inequality 2
√
2|m′′|x ≤ |m′′|+ 2x we conclude that, with probability not
smaller than 1− e−x,
(57) H2(sˆm′′ , sm′′) ≤
(
1 +K2
)
κ|m′′|+ 3K2κx.
We derive that (34) is fulfilled with c =
(
1 +K2
)
κ, b = 3K2κ, a = 1 and Theorem 4
follows from Theorem 6.
7.4.2. Proof of Proposition 7. Let us first note that, if |m| = n, then H2(s, Sm) = 0,
hence by (28), E
[
H2(s˜, s)
] ≤ C(κ,K)n which proves the bound when R > n/√3.
For the other cases, we deduce from Lemma 5 below that, for any D ∈ X , one can
find some m ∈ M such that |m| ≤ D and H2(s, Sm) ≤ n(R/D)2. Setting D = 1,
we get the result for the case R2 < n−1 log n. Finally, when n−1 log n ≤ R2 ≤ n2/3
we fix D = inf
{
j ∈ N | j3 ≥ nR2/ log(n/R)}. Since the function R 7→ R2/ log(n/R)
is increasing for R < n/
√
3, 1 ≤ D ≤ n and the corresponding risk bound follows.
Lemma 5. Let f be a nondecreasing function from X = {1, . . . , n} to R such that√
f(n) −√f(1) = R. For D ∈ X , one can find a partition (I1, . . . , IK) of X into
K ≤ D intervals and a function g from X to R of the form g = ∑Kk=1 βk1lIk such
that
n∑
i=1
(√
f(i)−
√
g(i)
)2
≤ nR2D−2.
Proof: Let us set j0 = 1 and define iteratively for k ≥ 1, using the convention
inf ∅ = n,
(58) jk = inf
{
j ∈ {jk−1 + 1, . . . , n}
∣∣∣√f(j)−√f(jk−1) > R/D} .
Let K = inf {k ≥ 1, jk = n}, IK = {jK−1, . . . , n} and for k = 1, . . . ,K − 1 (if
K ≥ 2), Ik = {jk−1, . . . , jk − 1}. This defines a partition of X with K elements and
it follows from (58) that
R =
√
f(n)−
√
f(1) ≥
K−1∑
k=1
√
f(jk)−
√
f(jk−1) > (K − 1)R/D,
hence K − 1 < D and K ≤ D. Let us now set βk = f(jk−1) for 1 ≤ k ≤ K. Since√
f(jk − 1) −
√
f(jk−1) ≤ R/D we get for all i ∈ Ik, 0 ≤
√
f(i) −√g(i) ≤ R/D.
Hence,
n∑
i=1
(√
f(i)−
√
g(i)
)2
=
K∑
k=1
∑
i∈Ik
(√
f(i)−
√
g(i)
)2 ≤ nR2D−2.
7.5. Poisson and other counting processes.
7.5.1. Poisson processes. The proof of Theorem 3 follows the same lines as the proof
of Theorem 4. We apply Theorem 7 with m′′ = m∨m′ in place of m and XI = N(I).
Since {N(I), I ∈ m′′} are independent Poisson random variables, the assumptions
of the theorem are fulfilled with κ = τ = 1. We then proceed as for Theorem 4 to
get (57) with K2 = 2 which provides the relevant values of c and b.
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7.5.2. Proof of Theorem 5. Let us fix two classes m,m′ ∈ M. We first apply The-
orem 8 with m′′ = m ∨m′ in place of m, p = n and XI,j = N j(I) for all I ∈ m′′
and j = 1, . . . , n. Then for all I ∈ m′′, N(I) = XI . Since XI,j is bounded by k,
E
[
X2I,j
]
≤ kE [XI,j] and (53) holds with A = κ = k. This implies that, for all x > 0,
with probability not smaller than 1− e−x,
(59)
∑
I∈m′′
(√
N(I)−
√
E [N(I)]
)2 ≤ k (8|m′′|+ 202x) .
Then we apply once again Theorem 8 with m′′ = m ∨m′ in place of m, p = n and
XI,j =
∫
I sY
jdλ for all I ∈ m′′ and j = 1, . . . , n. Since Y j is bounded by 1, the
assumptions of Theorem 8 are fulfilled with A =
∫
X s dλ and κ = κ
′. Consequently,
with probability not smaller than 1− e−x,
(60)
∑
I∈m′′
(√∫
I
sY dλ−
√
E
[∫
I
sdλ
])2
≤ 8κ′|m′′|+ 202Ax.
Since E
[∫
I sdλ
]
= E [N(I)], we derive from (59) and (60) that, with probability not
smaller than 1− 2e−x,
H2(sˆm′′ , sm′′)
≤
∑
I∈m′′
(√
N(I)−
√∫
I
sY dλ
)2
≤ 2
∑
I∈m′′
(√
N(I)−
√
E [N(I)]
)2
+ 2
∑
I∈m′′
(√∫
I
sY dλ−
√
E
[∫
I
sdλ
])2
≤ 16|m′′|(k + κ′) + 404x(k +A).
This means that (34) holds with c = 16(k+κ′), a = 2 and b = 404(k+A). Therefore,
if we set ∆m = k(k + A)
−1∆′m for all m ∈ M, (6) holds with Σ = Σ′(k/(k + A))
and pen(m) = 16δ|m|(k + κ′) + 404k∆′m. An application of Theorem 6 leads to the
result.
7.5.3. Proof of Proposition 8. The following argument shows that (2) is satisfied:
let A be some measurable subset of X and B be the subset of A given by B =
{t ∈ A | λ ([0, t] ∩A) = 0}. Since, by definition, the sets [0, t] ∩ B with t ∈ B are
negligible, λ(B) = 0 (write B as an at most countable union of those sets). Conse-
quently,
P (N(A) > 0, M(A) = 0) ≤
n∑
j=1
P
(
N j(A) = 1,
∫
A
1lT˜j≥tdt = 0
)
≤
n∑
j=1
P
(
T˜j = Tj , Tj ∈ A, λ
(
A ∩ [0, T˜j ]
)
= 0
)
≤
n∑
j=1
P (Tj ∈ B) = 0
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since the common distribution of the Tj is continuous. Moreover∫
X
sdλ =
∫ 1
0
p(t)
P[T1 ≥ t]dt = − log([P(T1 ≥ 1)])
since −p(t) is the derivative of P[T1 ≥ t]. Finally we can take κ′ = 2 since, whatever
I ⊂ X ,
Var
[∫
I
s(t)Y ∗t dt
]
≤ E
[(∫
I
s(t)Y ∗t dt
)2]
= E
[∫
I×I
s(t)s(t′)Y ∗t Y
∗
t′ dt dt
′
]
=
∫
I×I
s(t)s(t′)E [Y ∗t Y
∗
t′ ] dt dt
′
=
∫
I×I
s(t)s(t′)P
[
T˜1 ≥ max
{
t, t′
}]
dt dt′
= 2
∫
I
s(t)
(∫
I
1l{t′≥t} s(t
′)P
[
T˜1 ≥ t′
]
dt′
)
dt
≤ 2
∫
I
s(t)E
[∫ 1
t
s(t′)Y ∗t′ dt
′
]
dt
= 2
∫
I
s(t)E
[
N1([t, 1])
]
dt
≤ 2
∫
I
s(t)P
[
T˜1 ≥ t
]
dt = 2E
[∫
I
s(t)Y ∗t dt
]
.
7.5.4. Proof of Proposition 9. Clearly (29) holds true. We now prove that Condition
(2) is also fulfilled. Let A be some measurable subset of R+ and for l ≥ 1 let Bl be
the subset of A defined by
Bl =
{
t ∈ A | λ (]t− l−1, t] ∩A) = 0} .
For each l ≥ 1, note that the sets [t − l−1, t] ∩ Bl ⊂ [t − l−1, t] ∩ A are negligible
for t ∈ Bl and hence so is Bl (write Bl as an at most countable union of those).
Denoting, for j = 1, . . . , n, the time of the jump of Xj from state 1 to 0 by T j1,0, we
have
P (N(A) > 0, M(A) = 0)
≤
n∑
j=1
P
(
N j(A) = 1,
∫
A
1l
Xjt−=1
dt = 0
)
≤
n∑
j=1
P
(
N j(A) = 1, ∃ε > 0, λ
(
[T j1,0 − ε, T j1,0] ∩A
)
= 0
)
≤
n∑
j=1
∑
l≥1
P
(
T j1,0 ∈ A, λ
(
[T j1,0 − l−1, T j0,1] ∩A
)
= 0
)
≤
n∑
j=1
∑
l≥1
P
(
T j1,0 ∈ Bl
)
=
n∑
j=1
∑
l≥1
E [N∗(Bl)] = 0,
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by (32). We may clearly fix k = 1 and the choice of κ′ is justified by the following
argument. First note that whatever I ⊂ X and t > 0
P
(
X1t− = 1, T
1
1,0 ∈ I, T 11,0 ≥ t
)
=
∫
I
1l{u≥t}P
(
X1t− = 1, u ≤ T 11,0 ≤ u+ du
)
=
∫
I
1l{u≥t}P
(
X1t− = 1, X
1
u− = 1
)
P
(
u ≤ T 11,0 ≤ u+ du |X1t− = 1, X1u− = 1
)
=
∫
I
1l{u≥t}P
(
X1t− = 1, X
1
u− = 1
)
P
(
u ≤ T 11,0 ≤ u+ du | X1u− = 1
)
since X1 is a Markov process. Hence
P
(
X1t− = 1, T
1
1,0 ∈ I, T 11,0 ≥ t
)
=
∫
I
1l{u≥t}P
(
X1t− = 1, X
1
u− = 1
)
s(u)du
= E
[∫
I
1l{u≥t}1l{X1t−=1}1l{X1u−=1}s(u)du
]
.
It then follows that
Var
(∫
I
s(t)Y 1t dt
)
≤ E
[(∫
X
1lI(t)s(t)Y
1
t dt
)2]
= E
[∫
X×X
1lI(t)1lI (u)s(t)s(u)Y
1
t Y
1
u dudt
]
= 2
∫
I
E
[∫
I
1l{u≥t}1l{X1t−=1}1l{X1u−=1}s(u)du
]
s(t)dt
= 2
∫
I
P
(
X1t− = 1, T
1
1,0 ∈ I, T 11,0 ≥ t
)
s(t)dt
≤ 2
∫
I
P
(
X1t− = 1
)
s(t)dt = 2E
[∫
I
s(t)Y 1t dt
]
.
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